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Abstract: This paper is the second in a series of two on the problem of estimating a function of a

probability distribution from a finite set of samples of that distribution. In the first haﬂm

Bayes estimator for a function of a probability distribution was introduced, the optimal properties

of the Bayes estimator were discussed, and the Bayes and frequency-counts estimators for the Sh-
annon entropy were derived and graphically contrasted. In the current paper the analysis of the first
paper is extended by the derivation of Bayes estimators for several other functions of interest in
statistics and information theory. These functions are (powers of) the mutual information, chi-
squared for tests of independence, variance, covariance, and average. Finding Bayes estimators for
several of these functions requires extensions to the analytical techniques developed in the first pa-
per, and these extensions form the main body of this paper. This paper extends the analysis in other
ways as well, for example by enlarging the class of potential priors beyond the uniform prior as-

sumed in the first paper. In particular, the use of the entropic and Dirichlet priors is considered.

PACS numbers: 02.50.+s, 05.20.-y



1. BACKGROUND

Consider a system with m possible states and an associated m-vector of probabilities of those
statesp  (Jr , ligx ,(ZL p; = 1). The system is repeatedly and independently sampled
according to the distributiop. Let the total number of samples Reand denote the associated

vector of counts of states oy ()% , ligx , (Zﬂ: niN= ). By definition,n is multino-

mially distributed. In some cases in this paper the states will be indexed by two integers. For these
cases andn are matrices.

In many cases what we are interested in ismdiut rather some function op, F(p . The
problem at hand is to estimate such a funck{m from the datan. More precisely, the problem

is to investigate the posterior densityRgp , i.e. the probability density function (pdf)

PG =fln=[dp dFp - Pp|n. 1)
Usually it is difficult to analytically comput®@ (b =f| n . Accordingly, here we instead
compute posterior momentsefp , i.e., the moments d¢i(p according to the probability density
in Eqn. (2).
These posterior moments do more than simply give us a characterizaB@(jpf="f| n .
For example, in [1] we show that the estima®fh that minimizes the mean-squared error from

the trueF(p is given by the first such posterior moment, the posterior average:

G ==Ef (p In =[dpF(p P(p|n  [dffPIQ n. 2)
In other words, thi$s(h minimizes
[dp P(p Z,P(n[p *x G(n F(p-(?, (3)
whereP(p is the so-called “prior” pdf op. In this sense, thi&(h is the optimal estimator for

F(p . The estimatoER] (p | n is known as the Bayes estimator Kfp with prior P(p .

The second posterior moment is also useful. As was mentioned in [1], by using Chebyshev’s
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inequality, the second posterior moment can be used to bound the probabilRgpthdeviates
substantially from the Bayes estimator Fgp .

We now introduce the functiori{p for which we derive Bayes estimators in this paper. The
functionsF(p considered here are (the first two) powers of the mutual information, chi-squared
for tests of independence, covariance, variance, and average. (In some cases the methods of this
paper will allow consideration of all powers of these functions.) This choice of functions is not
meant to be exhaustive. Rather it is meant to both exemplify some of the mathematical techniques
involved in calculating Bayes estimators of functip , and to provide some useful results. The
techniques of this paper should be applicable to many other functions of interest as well.

The mutual information is defined in terms of a mafriky

M(pP  SpOG;  SPOQ, S 4)
Here (p,; and (p@ are the vectors of column and row sumspof (]L;;-J respectively, i.e.
pi= ZJ. p; and similarly for (p; . S(p is the usual Shannon entrop(j> == Pi log (p;; .
while Sp()()= —=p;dog (P, , and similarly forSp()Q] . Mutual information is a measure of

the amount of information shared between two symbol streams (symbolic dynamical systems) with
joint probability Pj [2]. It may also be seen as a measure of the correlation between two symbolic
systems with joint probabilit]oij [3]. The mutual information function has applications in areas
such as communication theory [2] (e.g. the measurement of channel capacity), pattern recognition
[4], and natural languages [5], to name but a few.

The chi-squared statistic for independence is also given by a function of a pjatrix

X5 -y 2 (MBy (5)

Chi-squared is commonly used in statistical tests of independence [6], where it appears in a form
with the maximum-likelihood estimator pfsubstituted fop in Eq. (5). The form in Eq. (5) is pro-

portional to the asymptotic (large data set) statistic used in these tests, and it is easily shown to be

a first order approximation to the mutual information under certain conditions [7-8].
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The covariance function of a matrix p is given by
Cov, = by X;—0, Y08 , (6)
where each of the m possible states is associated with some ordered pXiy of numbers
(there are m index pairgj() altogether). Thej 'th state occurs with probabilitpij . The means
arepy, and Hys By = Z.p;X; and similarly forpy [6].
The variance function of a vectpris given by
Var(E= p; X; -0, 2 (7)
where thei’'th state is associated with the numbgrand occurs with probabilitp, .
Finally, the average is a function of a vegiagiven by
Avg, (= P X;. (8)
In Sec. 2 we derive Bayes estimators with uniform prior for these functions of probability dis-
tributions. The notation used in these results is summarized in subsections 2a and 2b. The results
themselves, the Bayes estimators for the various functions being considered, are summarized in

subsections 2d and 2g. In Sec. 3 we show how these Bayes estimator results along with those of

[1], all derived under the assumption of a uniform prior, are modified when various different priors
are assumed. In particular, we discuss the entropic pgport] e*5® and a broad class of priors
which includes the Dirichlet prioP(010 7L p;.

Throughout this paper it is assumed that the reader is at least passingly familiar with the anal-

ysis in [1], the first paper in this two-paper series.

2. CALCULATIONS FOR THE BAYES ESTIMATORS

In this section we present the calculations needed to derive the first two moments of the func-

tions discussed in Sec. 1. The subsections are organized as follows. In Sec. 2a we discuss the form
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of the integrations to be done. Sec. 2b contains a presentation of notation motivated by considering
the special case wheFp is the mutual information raised to some power. Section 2c contains
intermediate results, Thms. 9-15. In Sec. 2d we use the results of Sec. 2c to derive the Bayes esti-
mators for the first two powers of most of the functions described in Sec. 1. The results appear as
Thms. 16-21. Sections 2e-g parallel Secs. 2b-d (notation, intermediate results (Thms. 22-25), and
Bayes estimators (Thms. 26 and 27)), but for integrals more complicated than those considered in
Secs. 2b-d.

The reader interested only in the results for the Bayes estimators fB(ptheescribed in

Sec. 1 should see Secs. 2d and 2g.

2a. THE FORM OF THE INTEGRALS.

Recall from Sec. 1 that the Bayes estimator fefp is the posterior average

EF (p In = IdrP (pIn F(p . Let A(DZ b, —(= and ©({1  .B(p5, wheref(x =1

for x@& , O otherwise. Definé~ (p ,[h by

IF (p.[h =[dF (0 © (1 L P ©)
Using this notation, when the pri&p is uniform, i.e. wherP(d  (© (i, it is easily shown

(see [1]) that

ER (p[n IF (p.Ih 11 [i= (10)
The result foll ,[h appearsin Thm. 3 of [1]. (In general, references to Thms. 1-8 are to the the-
orems so numbered in [1]; this paper, being a continuation of [1], starts numbering its theorems at
9.) Therefore, when the prior is uniform, finding the Bayes estinifp(p |n reduces to eval-
uating the integralF (p ,[h . In the rest of this section, this integral is calculated for each of the

F(p mentioned in Sec. 1.

2b. NOTATION.
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To understand the types of calculations that must be performed, consider the case where

F(p MX(p=, M(p being the mutual information. In this case the integral of interest is
M k(p [ = J p mir111: pinix [] szidOg & - qumg (]f@ + i Pij log (pij K (11)

(Here and in the rest of this paper we do not explicitly writeMi® (p factor in the integrand.

Rather, it is indicated by subscripting the integrals With) The right-hand side of Eq. (11) ex-

pands to a sum of integrals of the forrrplaogrl(pl.p kalogrk())k [ , with g, = r,, and with
eachp; a sum of a subset of tipe's.
Since such sums of subsetsggs will often arise, we introduce some special notation. Indicate

a subset of indices of thg’s by o, and the sum of thg,’s with indicesi o by pE , _p;. If
there arek such subsets, these will be represented py1 ,,=. k, and the corresponding sub-

set sums will be given by =% p;,ul ,=. k.Inthe case where  n[dz for ue

iDo,
the subsets will be callawbn-overlappinglf on the other hand, n o, # O and yeto, # o,, the
subsets will be calledverlapping Any expression involving non-overlapping (overlapping) sub-

set sums will be called a non-overlapping (overlapping) tBair-wise overlappingvill be used

to indicate a term involving two subsets which are overlapping (as opposed to multiple such sub-

sets).

Since we will often be dealing with overlapping subsets, the notatigwill be used for

o, n o,. (No confusion arises since we never explicitly refes fovith u a double-digit number.)
Similarly, we use the notatioa ., 0, —®, to refer to those indices ia but notino  ,
o o, Uz, to refer to those indices in eithe|, and/or ino, , and obvious extensions when

uw

more than two sets are being considered.
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Note that in Eq. (11), fokl= the integral reduces to a sum of integrals of non-overlapping
terms. Foik2=  some of the integrands are pair-wise overlapping terms. Howeve2$or no
term occurs that involves more than two overlapping subsets.

We will use the following conventions for various other quantities which arise. For generic
numbers appearing as exponents in convolution expressions the variaitilbe used. Just as we

previously definedb’s to refer to sums of thogg picked out by index subsets we also need
notation for the sums af,’s picked out by sucl’s. The variable will be used to indicate these

sums, with the convention discussed above for subscriptp tolding for B’s subscripts;

B, Zigs M t(=.Itwillalso sometimes be useful to use the notational convenfiom; +,

i1 ,=. m.Inthe case whene andp are matrices instead of vectors we uge n; +. Sim-

ilarly, to denote row or column sums @f’s we usev,;=2,v; andv; =2v;.

We will also have need of the following notatiofy= L v;; y, ML Moz,

nE K_ n, (n, is associated with subset, ul ,=. k); @ "0 (= where

wn (x is given byW 0 W= _% log F(X) (see[9], Eq. 6.3.1); and the “delta-phi” function

znl

is given byad " z.g9p O gp O (=
Notation for the hypergeometric functions used here appears in App. A. In particular, the spe-

cial use of subscripts on parentheses (€., ) is defined there, as are functions of the f%g’n

and functions of the forr[;1 B, pleql % G

As it stands, the integrand in Eg. (11) is not “factorable” as defined in Sec. 4b of [1]. Having
an integrand in factorable form is desirable because it allows us to apply the procedure of Sec. 4b
of [1] to evaluate the integral. In what follows we utilize the T transform (see App. B.1) to convert
the integrand of Eq. (11) (and similar integrands to appear) into factorable form. Once the inte-
grand is factorable, we can perform the integration. After the integration we inverse T-transform

to arrive at the final result for the integral of interest.
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2c. NON-OVERLAP AND PAIR-WISE OVERLAP CONVOLUTION INTEGRALS.

In this subsection we derive a number of intermediate results. We begin this subsection with
the fundamental convolution integrals needed to derive non-overlap and pair-wise overlap convo-
lutions (Thms. 9-11). We then present specific intedral§[] of these two types (Thms. 12-15).
Theorems 12 and 13a,b apply to non-overlap terms; Theorems 14a,b and 15a,b apply to pair-wise
overlap terms. In Sec. 2d we use these intermediate results to evaluate Bayes estimators for several
of the functiong=(p being considered.

Define the Laplace convolution operatar™acting on functiong andg by

T

fgl0t0) =[dxix() g T . (12)
0

In the following, the convolution operator is (usually) implicitly assumed to refer to functions of
the variablep. As described in [1], this convolution operator is fundamental to evaluatiig

integrals.

Theorem 9. If Re(; >0,i12 ,=.Then

_1  a,-1 Ora Orp O Oyt
(9.1) (rOradp e ,
(9.2) (pOFde™op TP M x O GThgT

1 0,

Proof: To Prove (9.1) note that by Thm. 2 (the Laplace convolution theorem) and the fact
thatLg] *~* (&) for Re a()>0 we have
S

ard Top® L g 7 Laife0=
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L4700, 70 Ora Ora _a
1 1 2 1 Q1 @
L { 5 5 } Ora 71 0L, _

st s°?

To prove (9.2) note thdtf] ® e (o)

. The remainder of the proof parallels the
str() ¢

proof of (9.1) above: Substitutaf] * ~te™ for L] * . QED.

If desired, Thm. 3 may be thought of as corollary to Thm. 9.1, by induction.
In order to discuss the next results succinctly, we need to use the confluent hypergeometric

function, discussed in App. A.

Theorem 10If Re(x, >0, Re(pr, >0, andoa , +=, then

(10.1)
()I(bfée—ptlm pOl2 - le pt | +0s ()rlui()rza()(-[ a-1 e Tt +0s
oo @ T
(10.2)

whrdopster O VEGTe

Proof:  To prove (10.1) write the convolution(a{)~ L P puz_le Pt 10z in its

T
. t, +(5 t, a,—-1
integral form ase * (')ZJ’epzp R

0

"1 . Make the change of variablesip= |

which introduces the factar® . Substituteco= 1 Ba= ", zt ;T and compare with the

MEOraQ

form in App. A to find the result. The factor——————" in the hypergeometric function in
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roro Qr
App. A cancels the factoriza To prove (10.2) substitute zero figrin result (10.1).

QED.

Theorem 11 gives the primary equality needed to derive pair-wise overlap results. Sée App.

for the definition of the generalized hypergeometric func}iﬂ)n F001 :

Theorem 11If Re(x, >0, Re(p,, >0, Re(p, >0andaa ,+€§, o, then

= e PuppTial g Pt et lgPh

TR0 OTg OROT, s e

quo FODl 1 @, 0 LT 4T,

Proof  The convolutionp™ e Pimp®2 'e P 1*% \was done in Thm. 10.1. Expand

.F Inthat resultin its series representation (see App. A)

(n t, (K
£ Ay 0 ¥a, HUOZ o, +(l¢|1(2 rkzy.()_

and convolve it witho%_le_pt2 term-by-term (apply Thm. 10.2) to find the desired result. (This

is valid since the series is uniformly convergent ént,[.) QED.

Thms. 9-11 are now used to derive integrdl§lfpr some non-overlap and pair-wise overlap

terms. Theorems 12 and 13 discuss the non-overlap case, while Thms. 14 and 15 discuss the pair-

wise overlap case.

Theorem 12. If the subset® , defined forul ,=. k, satisfyo,  [:forallue
andifRe B, +@, >0forallul ,=. k, andifRe(y, >0 forall
i1 =. mthen
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. rB , +0Rp
A T I P

Proof: Assumekl= andRe()); <O to begin. AppIyT'lT with respect ta), to the

integral | pTl,[m (see App. B.1 for the definition of the T transform) and evaluate the inner T

transform. Notingg "' = Mo, e and thaff4]" () = e for n, <0, find

Pl ”_lu dp OM 5 Prse ™ oxmlpiﬂ'

(See App. C.1 for the justification of the interchange the integralpaed the T transform.) Now,

write the transformed integral above as the convolution
- i Pt i —
Pt TH(Hing,Pe )0 6P )0=
Use Thm. 9.1 and induction to find (wWifBB -= ;)

| 100, FOFBOT.
UZOLl; Pin Lt x=P7l

Similarly, use Thm. 9.2 and induction to find

0o, OB

i _pit Bl_l —Tt
(Dimolpine ) TON 0y X

Substituting the last two expressions ihtqn?l,[m yields
LY T e P e

rprRR0

The T1 transform may now be taken to find (see Apps. A, C)

n, n By N4 B-1yn—
I py Iy F@GB()(T Ot™ 0=

Now apply Thm. 9.1 in this expression to find fpy<0
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o B +0ONB

My
P orpne0=

Refer to App. D for the continuation Re (), =0. Refer to App. E for the existence conditions.

Now, fork®> apply the identity operatdrr’lT k times (with respect tg, ...n, respectively) and

evaluate only the T transforms initially. Sinog 0 for u# , the convolution form of the
transformed p L[ becomes

pMp™i Ty T (O, (Dimoupirile_pitu) OO ok, oupiril )D=,
while B become$pp -= 1++ k- EXxtend the application of Thm. 9.2 to theonvolution prod-

ucts, 5 pir;e_pit forul ,=. k. Do the substitutions and take the inverse transforms to find

the result. QED.

Footnote 1 contains a derivation of an interesting identity based on an alternate form of the re-
sultin Thm. 12. Since observations being integer counts in practice, we’ll be interested in non-neg-

ative integem;; in this regard, Thm. 12 is more general than we need. (However, below we will

want to differentiate with respect tps, to get logarithms into the integrand. So a result only ap-

plicable to integen’s would not suffice.)
Theorem 13 applies Thm. 12 to find non-overlap results needed specifically for the expression

of Bayes estimators for the first two moments of the entropy, mutual information, and various other

functions.
Theorem 13. If the subsetw , defined forul ,=. k, satisfyo,, 0 for all ue
andifRe B, +@, >0forallul ,=. k, andifRe(y, >0 forall
il ,=. mthen the following hold.

(13.1) One logarithm of a subset sum.
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; rB , +OF;
oo xlog0, MY pion O%f " By 0=

(13.2) Two logarithms of subset sumsz u.
n B, 0o,
| OB ...pp* xlog (g, xlog (), [y FBn+0n e ()><=m}3
x a0t g oappr0ae O g g0 B Bne0-()

(13.3) Squared logarithm of a subset sum.

B, +OnpB

I ()mlnl...pEk xlog () |, 2,[iy m \val:  Ox=

2

a0 B0 T A0% B O}
Proof: The proof is done for result (13.1); results (13.2) and (13.3) follow in a similar man-
ner. Differentiate both sides of the formula forp”l...p”k,[m given in Thm. 12 with respect to

n, using the fact tha&np” = plog p(). (See App. C.2 for justification of the interchange the

integral and derivative.) Doing this gives the desired result. QED.

Theorems 12 and 13 dealt with non-overlap sums. Theorems 14 and 15 below discuss pair-wise

overlap sums. In Thm. 14a the non-contained overlap case is discussed. In Thm. 14b the contained

overlap case is discussed. See App. A for the definition of the hypergeometric flé%:tiﬁgbl .

Theorem 14alf ¢, ando, satisfyo,, 0 o, #%,, 0, Re B, +0, >0,
Re B,+(0, >0,andRe(y, >0,il ,=. m, then

1z Nt

En+Ore 0z

*Boo Fopt 12 OB L OB LI

| p1*pa2[iy
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Proof: To begin, assume th&e()); <O0,i12 ,= and that the); are not integers. Apply

T, T, T, T, (T, is with respect ta),, see App. B.1) to the integral pl p22 [h . Evaluating the

(non-inverse) T transforms yields the factorable form

—Pity

| pyipolh = T11T£1J do OM sy, Pin® P e

()xi 0 Glzpirile
i~ Pits [
e 0, Pin® x () ing,, Pin -

(See App. C.1 for justification of the interchange of the integral p\aerd the T transform.) Now,

write the transformed integral as the convolution (see Thm. 1)
— — t =
| plpgalh = Ty To(( Uine,, Pin€ l)D(Duuc Pin€ bty

0(0y 5, Pre "0, 56 PDD) -

O 0'21_2

Apply Thm. 9.1 and induction to find (whef8p -=, )

| 00y, TOTROT,
OZOF, Pin ———x=P

Similarly, use Thm. 9.2 and induction to find

O3, Pre™ 008, pe " ™% 00p05_ pae ™"

Moo, TOLB
OhR, OB 021

Substitute the result for Thm. 11 into the triple convolution above, and substitute the last two ex-

(p%)}z - ptlD p e pt ; +(s 0 pﬁzrz - 1e_pt2

pressions into the convolution form of the transformed integral to find

| Pl Ty Toly mr@(;:
1

-1 — R—
0% “Txe ™ W ag R Buw By GPEOD PPN O

Now, take inverse T transforms and apply Thm. 9.1 to find the desired result. Refer to App. E to
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determine the conditions for the existence of the identity. Refer to App. D for the continuation of

the result toRe (; = 0. Finally, for values of) 2 0, refer to App. F. QED.

See footnote 2 for a derivation of two interesting identities resulting from alternate forms of

this proof. Whero,Uo , the above result simplifies as in Thm. 14b below.

Theorem 14blf o , 0, satisfyo,, [, o,00o0,,Re B; n+@0, Re B,,+M, >0,
andRe(y; >0,i1 ,=. m, then

n n+Orp
(14b.1)1 py*p32 iy FEN+0r B (1)’3 BE 1 OB S

Yn 12 +OLP 1 Nt
rorp L TOMB

(14b.2)

Proof: Similar to proof of Thm. 14a, but apply Thm. 10.1 instead of Thm. 11. The second
form (14b.2) of the result is derived by applying Gauss'’s identity (see Footnote 1) to the first form

of the result above. QED.

Theorems 15a and 15b build upon the results of Thms. 14a and 14b respectively and state re-
sults needed to express specific terms of the various Bayes estimators. Theorem 15a contains re-
sults for the non-contained overlap case. (“Non-contained” means that neither subset of indices is
properly contained within the other.) Thm. 15b contains results for the contained overlap case.
Since we are most directly interested in non-negative intfgeand because simplification occurs

at thosen’s, Thm. 15a is stated only for non-negative intege:.

Theorem 15alf n, =0 andn, = 0 are integers and the conditions for Thm. 14a hold, then

(15a.1) 1 plpreih = c® FPO,
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0 0
(15a2) | pflog(p, Pyl COFPC 4@ ROO,

(15a.3) | p;tlog(p, pazlog (p, .lix

CP EO0 Lol 00 p®l o gL

0 0 0
(15a.4) | pllog?(p, pyzfh  C® P +ec® g0 cO RO

where:

® ¥n 12 1T o~ oL
C g c® c® a0l B ),

c®? c®  ao® g, nepne” A0® B nepn+O+

and
(@) F® =nin,)5ez 54 Pro  Pare 1 -0 i

112" “io=n “jo=n By i+ n,-0"! n,-0'1 iy

By (Box 1 -0
b F()]-O ' |z 2 Z | J — _, ’
( ) nl n2 i0=n ~j0=c0 (]312- i+ r]z_@ 11 ||J|Q 1] (I)ﬁ
with Q, given by
_q) ] i 1

Quih, 1 8j ny=(Q-0 0, -0

| ro= rll_EE

8j ny-@¢ -0 M- .

(c) F®! s the same as (b) with~ andn, « n,.
(B (B o
(d) FO U PLLIPIDITSD 2 e 1}(2]3 e A 110, Q1,05 -
12 i+
(B11o i (Bo1o 1 )

0 j
(e) (P n,n, 2 .
177127 7i0=n ~j0= (Blz-

n,-0 g 200"

ij+

with Q, given by
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0 1
1_® s ¥, r]]__(Dr] 1_@:

1
r¢,n1nl_ r

Qi {1 8 ny-0 0

+0j ng-q -0 "T2rj-on & }.

Proof: The proof is done for (15a.2). The other cases have similar proofs. Differentiate

both sides of the expression forp]*p22 [ given in Thm. 14a with respect tpy . After differ-

entiating, the left-hand side is given l{yprl]llog (P, pga n] . (The justification of the interchange

of the integral and derivative is given in App. C.1.) Write the differentiated right-hand side as

anlc(p X@zo FOQl 12 OB s OB 1p LLC

.1 c®a F ...[I¢. The derivative oic®

n, 220 ' 001

) P
This expands t@nl(ﬁ 220 Fop1

is given byan c®? =c® pp® Bia  NHBn+()x c™ . The undifferentiated hypergeo-
1

metric is evaluated af, andn, using the results in App. F, cases 1 and 2. This evaluake®to

defined in (a) above. The derivative of the hypergeometric may be taken term-by-term (this is jus-

tified below). Use the results in App. F, cases 1 and 2, Egs. (F.4) and (F.6), to evaluate this deriv-

ative atn, andn,. Doing this gives the expressicﬁ"plo defined in (b). With these derivatives

and evaluations, the result (15a.2) follows immediately. Now consider the validity of term-by-term
differentiation of the hypergeometric. There exists a closed neighboMgodtaining the integer

n, with Re B, +(x >0 Ox O N. The results of App. F show that any truncatior] )iof the series

for F

220 Fop1 B, OB L, B ;5 1L.[](see App. A) may be differentiated with

respect tax on N. The sequence of derivatives of the increasing order truncations converges uni-

MB o *0TB —x+(

formly on N. (To see this, note th&(}2 = | AT i

is convergent for
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eachi, andRe 3, +(x >0. Now, note thaS,(x is a series of terms each monotonichbnwith

the same monotonicity ir holding for each term, and that the summation evar(b) is finite.

These observations and the convergence just established demonstrate the claim of uniform conver-
gence.) Finally, by Thm. 7.17 of [10], the sequence of derivatives of the increasing order trunca-
tions converges to the derivative of the limit of the seriel ppustifying the term-by-term differ-

entiation of the infinite series. QED.

See footnote 3 for some comments regarding alternate forms for the results given above in
Thm. 15a.

Theorem 15b builds on Thm. 14b and states the results for the case in which there are two sub-
set sums, with the indices of one subset completely contained in the other. Here, unlike in Thm.
15a, there is no hypergeometric function to consider, so the presentation of these results is much
shorter. Further, unlike Thm. 15a, the expressions given are valid fgsaifl the range specified
(not just at nonnegative integers as in Thm. 15a) because there are no poles in the expressions being

considered at the integers and therefore no further simplification occurs at these points.

Theorem 15blf the conditions for Thm. 14b hold, then

(15b.1)I p{Hlog(lg Dz n | c® a0® B, npn++,

(15b.2)
| pPppdlogp, P a0 ® g, 0, B mgae * B nBn++O+,
(15b.3) [pl!log(y Mog(p,.n] C®° {#w® B, npn++)°

pd® g 0, B+mRAd & B npn++0AD BB B0+,

(15b.4)

| pliog’G i CC a0® g npne) a0 ® B npn+sO+
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(15b.5)
| plipllog?p, [ CP {xa0® B, n, B, +mpad  * B npn++0+)

A0 ® By, M, By mQA® B B+

o0 Yn 1200 L
rorp L TR

where

Proof: The proof is done for (15b.2). The proofs of the other results follow in a similar

manner. The result of Thm. 14b is

o, ® Yn 12 +OLB 1 Nt

Differentiate both sides of this with respecttp. The left-hand side of the differentiated expres-

n

1 r']2 . . . . . . . .
1'P,’log(p, ,[ih . (The justification of the interchange of the integral and derivative is

sionisl p

Con TRt " _
given in App. C.2.) The derivative W is given byA® ™ (.., n, Brr,+Q . The de-
17V

B, nt
rivative of —— is given byaA® ® B, npn++(). Substituting these expressions for the ap-
propriate derivatives in the overall derivative of the right-hand side of the equality ab&2%or

gives the claimed result. QED.

2d.BAYES ESTIMATORS FOR NON-OVERLAP AND PAIR-WISE OVERLAP TERMS

In this subsection we present those Bayes estimators for the functions of Sec. 1 that can be ex-
pressed with non-overlapping and pair-wise overlapping terms. These include the first and second
posterior moments of the entropy, mutual information, average, and variance, and the first poste-
rior moments of chi-squared and covariance. The second posterior moments of chi-squared and co-

variance appear in Sec. 2g. All of the results presented in this section assume a uniform prior.

LANL LA-UR 93-833 19 SFI TR-93-07-047



1. Entropy,S(=—=  ;pjlog (p; . This result appears in [1] in a different form and is stated

here for completeness.

Theorem 16If Re()/i >0,i1 ,=. mthen
V.
(16.1) EFZp |n vag ViR 0,

(16.2) EFZ(p In

V.V,

i (L (L (2

zij:t Ny +()ACD Vi M +0AP Vj v+ v +H@{} %
V. V. +(Jvv
Pt (L 2 (2
ST vre 497 A0® v 94,
. . Pji .
2. Mutual information,M(J= = p; log Y_ . In this case the observed counts form a
0
matrix. Define .
Vi Vio V57

Theorem 17If the vj; are non-negative integelsij (the integer condition is used only in the

simplification of thelN term in (17.2); for the other terms it may be relaxed) then

(17.) EM (p |n 13- -3 where
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_ Vij 0L )

IJE []2]. pjlog (p; In i VAD v T\ +,0:,

o ViD 0L )

IE  [Bpidog (pig N ivAp  Viotd +0s

3 i

JEp [I%lo09l(py n ivAe Vg™ +0=and
(17.2) EM 2(p |n IIMNIMIN2IJMIININ - —+()— where

[IIMNE []gu'?nnpij (pij PmnloglOgy,, n

Vijvmn (L oL » .
ZiZmnig vy +(AD Vit QAP v L Q0 v +Q-{]
V. V. +Jwv
i ij (L 2 (P
Zijw Vi H2 +0 Ad Vi Y H@H{}x+

IME  [Ezpp (Pig Pmdogife, [n

Vicy
' md (o o (» —
2.2 W +(JAD VgL +QA® v Al + PO v +2-{)

Vi VigtQw

e D Vit @ 00% vme @

(To find JN substitutev ; for v.. andv for v _.in the expression foiM .)

UME  [F=.py (B Prpdoglg,y [ n

V..V
ij “mQd (L 0L ® g
“1Eme b +0A0 Vi L QAR T v QP v HE{)
V. V. +Qwv
ij igd (L 2 o o
Zijw v,h2 +9 AP Vi W HDAD VM2 D+

AP v w2+ D+

(To find IJN substitutev ;. for v __in the expression fadM .)
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INE  [EFZ.pin  (Pig Pmloglg,, | n

V. V. +Qvv B 5 B
S0 100G ® v e 9 20® v 42 +RH0(x

1 Vig Vg —BwW, im0 @Oy
+H{} %

Ve = V. —W.

o - Q1 rx) (h in i0 “in

ACD Vm +\2 +)®z rO:OO r| (yln r 1 7in +f|:|HDD<+
Vil]_(\)in ; Vg Wi, ]

1 —
Win | in *¥HIL

L, v VeV o s

=co sGeoo (v rQ s!

1+

in rs+

whereQ; is defined in Thm. 15a.

Proof: Write M(p asM(j= i Pi log (pij Z.pidog (pip ——Z=jp[jlog 00[;1 :
To prove (17.1) writE} (p |n 13- -3, wherelJE [Epjlog(p; n etc. Recall
that for the uniform prioER] (p |n IF (p.,h 11 =, and apply Thm. 13.1 witkl=

n, = 1.p,=Mj, =Mz , = Pgto simplify the numerators in the expressitig  respec-

tively. From Thm. 3)1 [}y Wn() The results follow by substitution.

To prove (17.2) first squard(p . In a manner similar to the proof of (17.1), find
ERM 2p |n IIMNIMIN2IJMIININ —+()—, where each term may be expressed as
aratio ofl ] integrals, withl1 ,[ih in the denominator. The rest of this proof outlines the cal-
culation of the numerator terms in these ratios.

Apply Thm. 13.2 withk2=, n =rl, , =1, p, =Mj: y = Ppp O find theijrin  terms

of IPMN| n , and apply Thm. 13.3 witkl= ,n, 6 = 2, p, p;j, to find theijnm terms
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of IJMN| n .
Apply Thm. 13.2 withk2=,n =rl, , = 1,p,=P5 , = Py tofind theim terms of

M| n , and apply Thm. 13.3 witkl= , n, =2, p, = piz[ to find thein=  terms of
M| n .Tofind IJN| n substitutev; forv, andv forv _inthe expression fdifl] n .

Apply Thm. 13.2 withk2= , n =rt, , =1, p, “Mjj, y = Pyt find theird  terms of
HPM| n , and apply Thm. 15b.3 with, =rl, , = 1andp, =@, , =p; to find theinr

terms of IPM| n . To find IIN] n substitutev, for v__in the expression faif]M| n .

Apply Thm. 15a.3 witm, =rll, , = 1 andp, =®,; , =Py, to find ny| n . QED.

3) Average A(l= = L p;X; . (Note that forX; = Bij, (1) of Thm. 18 below gives the

Laplace Law of Succession estimator for)

Theorem 18If Re(y, >00i then

(18.1) ENXp [n = i\\};xi.

ViV, v, v; +Qwv

(18.2) ENZX(p |n » Wxixj +3

4) VarianceV(= = 1L p; X;—(, 2.

Note thatEY] (p |n ENz (p EN-(® |n 2?|n ; M, Is the true mean, not the ex-

pected mean, and(p refers to the true variance, not the variance in the estirgfo(p | n .

Theorem 19If Re(y;, >0 Ui then
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v, W-()yv ViV,
74,0_ 27 =ijz Wxixj'

(19.1) EYZp [n |
(19.2)

EYIZ?( In LEBP |0 XiXp=22, BB ippe | XXX,

+ Ty BB ipipepy [0 XXX(X,

where the expectations are found by applying Thm. 12.
5) CovarianceC(j> i Pi Xi=0y, Y, —(lel .

Theorem 20. If Re()/ij >0 0ij then

EQEP In XYoo Y,

IR AV (VY

found by applying Thm. 14a.

The second posterior moment©fp is given in Thm. 26.

o 2
6) Chi-Squareg’(jx = ijp”p(:;f%.
ity

Theorem 21If Re();ij >0 Uij, Re(y,; -2, andRe();[J~J -2 then

v-Qv Qv
i0 VU vij +—]:|-()viD vu.l—*(i}+:
Vir®; o, Vg0
Vij +_2|-(r)m+ ’

E [:b(Z(p | n -2 i

Xz

mQG=co ZI’IO=00 V. Vv
id g

found by applying Thm. 14a.
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The second posterior momentygi(p is given in Thm. 27.

2e.NOTATION FOR MULTIPLE OVERLAP INTEGRALS.
The calculation of multiple overlap integrals is not straightforward. The process can be sum-

marized as follows. First T transforms are applied and then Thms. 9.1 and 9.2 are used, leaving a

convolution product of m terms. Each term in this product has the fStm'nn_ e ™"

k1 ,=. m,withthea’s taking values in 01} ,thet;’s the T transform variables,the con-
volution variable, and the s constants (see Thm. 14a for an example). The upper index on the

product,n , is determined by the overlap structure.

Since the convolution operation is both commutative and associative, the convolutions may be
done in any order. However, if the convolutions are done in random order, it is quite easy to arrive
at an expression for which the inverse T transforms cannot be evaluated in closed form. Further,
given any particular ordering of the convolution operations, much bookkeeping needs to be done
to actually find the result. Thus, it is important to have a method for quickly determining the salient
aspects of any convolution ordering (whether or not the particular order chosen for the convolu-
tions leads to an invertible expression), without actually having to do the convolutions.

In order to facilitate thisConvolution Form(CF) notation is now introduced. This notation
captures the relevant aspects of the expressions involved and provides a guide for the rapid calcu-
lation of multiple overlap convolution integrals. First, we show how to translate convolution prod-
uct terms into this notation. Then we use the CF notation to state the relevant algebraic properties
of convolutions. It is not expected that the justifications for these properties should be transparent
to the reader. In fact, it is not even expected that the reader will have a complete and formal under-
standing of CF notation; in the interests of simplicity, CF’s are presented here simply as a useful
algebraic framework for performing calculations. The reader interested in the formal details is di-

rected to App. G.

. .o, -1 -tat
Write each expression™  "M1_ e "

1= appearing in the convolution product (the T trans-
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formed integral mentioned two paragraphs ago) in CF notation as thaf{JF, wherea is then-
vector of constants;, and wheré) is the zerm-vector. In writing a, , thet, T anda, depen-

dence is assumed.

The second componebtof the general CF alf) may be nonzero (see App. G). However,
for the moment there is no need to present the full definition of the CF’'s encompassing bonzero
for now b should be taken simply as an algebraic object with certain useful properties (these prop-
erties are formally justified in App. G). The reader should be aware though that in general, for non-
zerob, alf) represents a set of expressions; i&{) does not uniquely specify a single ex-
pression. (l.e., it does not uniquely specify a function oand thex; see App. G.)

We represent the convolution of two CF’s using brackets, so that the convolution of the CF’s

alf) and cd) isgivenby alf) cd),[]]. The general algebraic rule for translating this con-

volution into a CF is

alf) cd)[l0 ¢ bdl nzca()kl (13)
where: i) “0” is the vector-or operator withati]] . = 1if a =1 or b, = 1, O otherwise;
ii) “-"is the vector-difference operator witree-[] , & —=;, and iii) “nz” is the vector-valued
nonzero operator, withnz(g] , = 1if a # 0, O otherwise. We use the symbal* because Eq.

(13) is a relationship between twetsof expressions; it means that the convolution prochast
be written in the form ¢ bdJ nz ca()J;( (see App. G).
Now we state the algebra of CF’s under inverse T transforms(d.eto be any CF with

a ==0b ,,forsomeil ,{}Om . Further, letc® .Then we have
Ty (ee+a;b (0 (r;b ,andT; ce+a;g+b KO (r;b ., (14)
where the inverse transform is with respect to X, [a}qdj =9, , the Kronecker-delta function.

In the theorems that follow, any vector occurring as an argument of a CF has all of its compo-
nents equal to eithdy or 1. Such vectors will be represented by writing a shorthand list of the in-

dices of the non-zero values only. For example, the ved@L will be represented by the
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list 13 . Finally, the{} ’s will be dropped from the lists since they are burdensome, and
empty lists will be represented with the dash symbol “-”. The result of a successful ordering of con-
volutions and inversions is the Qf;- , i.e. our goal is to find an ordering of the convolution op-
erations such that the repeated applications of Egs. (13) and (14) re§t in(See App. G for

the justification of this being the condition that allows for the closed form evaluation of the inverse

T transforms.)

2f. MULTIPLE OVERLAP INTEGRALS.

The CF identities (Sec. 2e, Egs. (13) and (14)) allow the efficient calculation of the needed mul-
tiple overlap integrals, as we demonstrate in Thms. 22 and 23. Theorems 24 and 25 apply Thms.
22 and 23 to evaluate the integrals appearing in the Bayes estimators for the second moments of
covariance and chi-squared. In section 2g we use these results to write closed form expressions for
these moments.

Theorem 22 concerns convolutions in which there are three subsets of mgdiogso, with
i) o

D:ando2

12 U+ii) 0,4 U and i) none of the intersections are equal to any of the sub-

3

setso,,,0, O, Theorem 23 concerns convolutions in which there are four subsets of indices,

l”

where i) the only non-empt(yij with ijz areco 0,, 0,., and where ii) none of the inter-

127923 O34 Oyy»

sections are equal to any of the subsgte, o, 0,.

Overlap structures of these types occur in the integrals for the second moments of covariance
and chi-squared. Many mathematically equivalent forms of the results of Thms. 22 and 23 are pos-
sible; we present the result of one particular calculation in each case and note that equating differ-

ent forms leads to hypergeometric identities along the lines of those discussed in footnotes 1 and 2.

In what follows “Terms 1 and 12”7, for example, indicates that the teﬁﬁ%pal_l and

e W'l p%_1 are being convolved. Define the shorthand notatian@y,,)I a QFBOFyOFap,
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. fra +(O)r
aB,OraQFBOFaef. Asin App. A, the symbola()) ——.

Theorem 22 states the result of a derivation that treats subsets 1 and 3 symmetrically from the

outset. For future use, in Thm. 22 the expression being evaluated is defined sigpsuppress-

ing the variousn andn arguments. (The inverse T transforms ttsinto n’s.)

Theorem 22 If Re(x, >0, Re(p,, >0,Re(r, >0, Re(p,; >0, Re(p, >0,

andaa (HeEEE O, a as,then

2 23

a,-1 e—tzppaz—l

I3 T11ToiTa e_tlppal_l nel=""% Pp

D@]_ t, +(, pp 0y =} e_tsppus_l

__+1 p—
™ 0,00, 00; te0, Ng0Ften; Ng o
021 F1qp Oy 0 +EQJan, 3 O3T8QN N3 —»

a 12 3t@p . Ny 1]

T

Proof: The following derivation applies Egs. (13) and (14) repetitively to demonstrate that a

particular ordering of the convolutions results in the sucessfully inverte@,€F.

Terms 1 and 12: 1:0)  12-:,0.1 O 122,0

T 122,00 0 23) (a)
Terms 3 and 23: 3() 2301 O 232,0

Ty 232,00 0 23) (b)
Results (a) and (b) 22) 22).[] 0 23) (c)
Res. (c)andterm 2. 23) 2(),[] 0 23) (d)
Invert (d): Ty 23] OG- .

Now, carry out the convolutions and inverses in the above order with the appropriate terms substi-
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tuted as indicated in the left column to find
an -4 1ilj . L
l, T Zigeo Zjow Uz, 01 700d, 303,

o, +ety [ nl,,()§<+ﬂrg | Ng 5 -

Rewriting this using hypergeometric notation (see App. A) gives the desired resultQED.

Theorem 23 presents the results for the relevant quadruple overlap sum convolution. As in

Thm. 22, here we use the notatioafy,, )l aQFBOFYOFap and af,)raQFBOFaf. In order to

simplify the resulting expressions, we do not express the result in hypergeometric notation. For fu-

ture use, in Thm. 23 the expression being evaluated is defined sinip)yappressing the various

o andn arguments.

Theorem 23 If Re(pr, >0, Re(p,, >0, Re(r, >0, Re(p,; >0, Re(p; >0,
Re(p;, >0,Re(p, >0,andoa ;| +eHpH+es o,, O, O O, a4 then
e ThToTa o e—tlppdl—lmmrztlﬂbz ppcxlz—l e—tzppaz—l
D@DBT(% ppa23—1 e—tsppas—l o tat pp0(34—1 e—t4ppa4—1

; iliiminiplg!
_ can -4 _q e 1ilj'm!n!plg!
T ziimmoq ~o 0 6]2 jrp

_04

it

Oyt gy hj(xay+an 5 ag, 1)
Oy tEEHH@L, N, ) o3 e N mn
a5, dy ""“T"f"‘ﬂ'ﬁ“ﬁmnp !Oé

ao , +HEHRZA N, ing 0% -

Proof: The following derivation applies Egs. (13) and (14) repetitively to demonstrate that a
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particular ordering of the convolutions results in the successfully invertgg;CF Initially, con-
volutions are done on two non-overlapping groups - the group dependingod the group de-
pending ort,. Then the inverse$;; and Ty, are taken and the remaining convolutions are done

with care taken to create expressions that have simple T transform inverses.

For thet, group (terms 41, 1, 12),
Terms 41 and 1: 41-,0 1001 O 148 (@)
Term 12 and Res. (a): 12-;,) 14).[1 O 124()

T 12400 O -24;)  (b)

Similarly for thet, group (terms 23, 3, 34): -24;() (c)

Res. (b) and (c): -24,;()  -24;0.1 O -24;0  (d)
Res.(d)andterm 2:  -24;() 2:),[] O 224

T5  224,0[] 0 -40 ()
Res. (e)andterm 4:  -4)  4:0.[] O 44)

Ty 44 00 -

Now, carry out the convolutions and inverses in the above order with the appropriate terms sub-

stituted as indicated in the left column to find the desired result. QED.

Theorems 24 and 25 utilize Thms. 22 and 23 respectively to find the needed multiple overlap
integrals. They are given without proof, as they follow immediately from these theorems,

Thm. 9.1, and induction.

Theorem 24 Assume the overlap structure relevant to Thm. 22, @ithiefined as the
t-independent factor of thig defined in Thm. 22. (L.el, = 1" ~%C,.) Define

BBR -=,,, - IfRe B,+(, >0forul23 = | then
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n+OrBOrBn+()

N: N, r]3 123
| py'py P I B X3 Bryp Bia Boro —23 Bog Baag NynAplils -

Theorem 25 Assume the overlap structure relevant to Thm. 23, @jthiefined as the
t-independent factor of thg, defined in Thm. 23. (l.el, = ™ ~*C,.) Define

BB —=,44  -If Re B,+(, >O0forul234,= | then

n+OrBOrpn+(=
| pliplpiipleirp — 2

Cs Biro Bio Borp 23 Poz Basg _34Pby Basy —41 By pRpeflxny, -

29.BAYES ESTIMATORS - MULTIPLE OVERLAP TERMS.

In this subsection we complete the presentation of the results for the Bayes estimators (see
Sec. 2d) by giving the Bayes estimators with uniform prior for the second powers of covariance
and chi-squared. Since the complete description of these respliteiengthy, we present them

in recipe form; at this point the reader should be able to make the needed substitutions.

5) CovarianceC(jx i Pi X =0, Y-—(D|§ .

Theorem 26If Re())ij >0 0ij then
EQ=(p |n it ERL P I XY XY =22 BRI PecPn [0 XYY,
+ 20 BBl iPgPecPa | 0 XGY XY,
where Ef] ii P | nis found by applying Thm. 12 i PkoPa | n is found by applying
Thm. 14a, ancE] itPgPkPo | n is either a single, double, or quadruple overlap term found by

applying Thms. 14a, 24, and 25: ikkF=, [, then apply Thm. 14a; iikjl %= or
ikj ,# =1, then apply Thm. 24; it jI#, then apply Thm. 25.
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. P —BiPy 2

6) Chi-Squareg’(jpx = .—————~ .

Y PPy

Theorem 27If Re();ij >00ij, Re(y;; -%and Re())[jl -2 then

EOZCH0 “In E%pﬁ);%ln} 2E[K2(p In —%

whereE[k?(p | n isgivenin Thm. 21 and whe%ijzpklz | n} is either a single, double,
Pi Py Pk Pn
or quadruple overlap term found by applying Thms. 14a, 24, and &g4f, [, then apply

Thm. 14a; ifikjl #=orikj £ =1, then apply Thm. 24;iik¢  jl#, then apply Thm. 25.

3. EXTENSION OF THE CLASS OF CALCULABLE PRIORS

The calculations of this paper and [1] are done under the assumption of a unifor(prior
However they also apply essentially unchanged when certain other priors are used. Here we briefly
discuss applying the calculations of these papers to cases where the prior is not uniform. As spe-

cific examples of how the calculations of these papers are modified when the prior is not uniform,
we consider priors of the for(A 0 (41 7. p; (the Dirichlet priors are the subset of these
with all r; equal) and the entropic prieXpA 0 (p S

Define P(p implicitly through P(A (p P(p=. (P(p is the non-delta function part B{p ).

The uniform prior has a constaR{(p . Even if P(p is not uniform, it is often the case that

IF (p P(p ,[h = J’dpF()) P1 7. p,yandIP (p.[h = IdpP()ﬂ M p,, are of the form of

integrals evaluated in these papers. (In this section all integrals agg’ ®wath nonnegative com-
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ponents). In these cases we can evaluate the Bayes estimakgp fawvith prior P(p since

ER (G In  IF (PR IP (b=

For example, the Bayes estimator fgp with prior P(p can often be evaluated using the cal-

culations of these papers whegmy (1 inf: f.(pJ. In particular consider priors of the form

PO (1 {'11: p, with Re(), -2, i1 ,=. m. (Dirichlet priors haver; = r for all i.)
WhenP(p is of this form the Bayes estimator féfp with prior P(p is given by

IF (p nr+[]

ERP 1IN S e (15)

As another example, consider the class of priors R{h represented by a taylor series con-
verging everywhere in the domain pf Using this taylor series representation expand both
IF (p P(p ,[h andIP (p,[h into infinite sums of integrals. If all of the integrals are of a form
evaluated in this paper the we can fief] (p | n for the priorP(p .

For example, consider the entropic piRgA (1 (p e In some applications the entropy

S(p istakento b= =L p;log (p; , wherea is some constant, while in image processing

applicationsS(p is often defined a§(i= 7. p; —(n, -Gy E[D?]ID , wherem is known

as the “model” [11]. In either casB(p may be expanded in the series

Pz = 0 ?!0’ , (16)

Whenever the productSi()) F(p , i01 ..., are of the form of some function integrated in
these papers then closed form results (up to series truncations) for the Bayes estinkgpor for

with an entropic prior are available. An application of these ideas appears in [12], where they are

used to calculate the normalization constant of the entropic prior
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APPENDICES

A. HYPERGEOMETRIC FUNCTION NOTATION

Here we present the notation for the hypergeometric functions used in this paper. Paralleling
Lebedev [13], leta and b be vectors of dimensions p and g respectively. Define

AQ TA +@A(y= . Define the single summation hypergeometglg;sby

ngzl(pdi i
i0=c0 [m[gzl(bﬁi il

An example of a single summation hypergeometrié-is af3t;;[] , which has the integral rep-

of ab TE (A1)

resentation fofo> 0 [13]

[F aBrirBoragrpa—0-fdxe™x" " 1 P (A2)

01

Now, given vectora',,a? a'? b* b? b'? of dimensiong,,,p, Py, d; G, Gy, respectively, de-

fine the double summation hypergeometrics

(A.3)

1 .2 2121 12 w12 o . _
Pyl pleqlnqz a4y a a a“b - bb Tl,,'[,z,[]_

OME: 3 O, | OF2 -0 O, 0T 2 Cre

i PR TR TLYY
ot gk OrE 08, Orde R
I_El:l By j rgzzl B, By =1V Pz o

In writing arguments ofF’s, vectors will be denoted by a list of the elements, e.g.,

C C1»()= ¢, . However, when listing the components of a 1-dimensional vector the parenthe-

ses will be dropped. Further, when any of pher g subscripts are zero (which corresponds to an

LANL LA-UR 93-833 35 SFI TR-93-07-047



empty argument for that position), the empty vector argument of the hypergeometric will simply

be omitted from the list of arguments.
B. TRANSFORMS
In App. B.1. we discuss the T transform. In App. B.2. we discuss the Z transform.

B.1. THE T TRANSFORM

In order to calculate averages of the faEf(J@' (Jog() " | n (with p= p;) and sim-

ilar averages, the identity
m-0 = [u N"1eldu,Re n-G0 (B.1)
0

for the gamma function is needed. (Hem has been used insteadmpfin order to simplify the

following.) Make the change of variables= pt. With p >0, independent of, we find

1

p" = th N1ePdt,Re n-G0,p>0. (B.2)
0

1

Define the operatof X by T™* F Q[In(E e

[t "1 F) dt, Re n-(0, and define the
0

transform T byT T = M[[] F [.Asdefined, the transform T is closely related to the Mel-
lin transform [14] (it is an inverse-Mellin transform) and we rely on this similarity to establish the

conditions for the existence of the transform and its inverse. Of interest in this work is the follow-
ing: Forp independent of, the functionp" and e P! form a transform pair. That is,
TP @ =eandTi[mbp = " (B.3)

As an example of the use of the transform T, when fin&ifig" | n , wherep is a sum of a
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subset of thep,’s andRe n() <0, the T transform will be taken di [P7 | n with respect ta,

which substituteg " for p":

TE [#'In 0 ==H[[ pP(p|n p" [dpP(Pn T [p" [dp P(p|n e
(B.4)

See App. C.1 for the justification of the commutation of the integrals. After the transform has been

done, often the last integral may be computed in closed form (see Sec. 2) and Fentthes-

form may be applied.

B.2. THE Z TRANSFORM
Letf(h be any function that factors &3l1 iT: f.(h= . For such functions, the Z transform
Zf] (&= o.M Z" is useful in simplifying calculations involving sunasf (n , where the

summation extends over alhaving non-negative integer components g = N. Define the

discrete convolution product of two functiogsandh by giil() & . g() hni—()=. (Note

that[J is both commutative and associative, so that the order that the convolutions are taken in is
irrelevant, justifying the use of the above notation when several functions are involved.)
The Z transform convolution theorem may be thought of as a discretized form of the Laplace

convolution theorem (see Thm. 2).

Theorem B.1:If F)>=  _f()& andf(m L fO0g thenFQO (O L f; 0¥ and

ZF (g1 L Zfll; (=, forall zsuch thaZfl]; (¢ ,i1 ,=. m, converges.
Proof: Form2=  we haveF{) f, 00, ¥ and the Z transforms df andf, are
given byZfl]; (Z = 4. fi(h z",i12 =, respectively. For within the radii of convergence
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of both of these power series, we have (after collecting terms having the same ppwer of

Zflly ¢ Zfll, (2 e f10 foni0r,
The right-hand side is immediately seen taZif¢ (z . The result for arbitraryn follows by in-

duction. QED.

Note that due to the uniqueness of power series representations, inverses of Z transforms exist

on the nonnegative integers.
C. COMMUTING LINEAR OPERATORS

In App. C.1. we discuss the interchange of integrals. In App. C.2. we discuss the interchange

of derivatives and integrals.
C.1. COMMUTING TWO INTEGRALS

Interchanging the integrals appearing in these papers pdgrtegral and the T transform in-
tegral is possible due to Fubini’'s theorem [15], which justifies the interchange of uncoupled inte-
grations (region of integration of either integral does not depend on the other integral’s parameters)

when the double integral exists.

C.2. COMMUTING INTEGRALS AND DERIVATIVES

Consider differentiating the integrfot ,() dx with respect ta. Theorem C.1 generalizes

Thm. 9.42 of [10] and establishes conditions general enough to allow the commutation of the de-

rivative and integral for the functiortxt,() appearing in this paper. Defilie,Fxt () to be the

partial derivative of with respect to its second argument, evaluatec#j .
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Theorem C.11f (1) Fxt,() andD,Fxt,() are defined for x{()A | XA,

whereA, 0 o,(, and wherd), is convex,

00

(2) J’Fxt,() dx existst O A,
0

(3) 0e >0andbe ,0fx) withfQ) >0forxOA ,and5>0, O

00

J’ f¥) dx € and
b

Oxbs O A0 | |tsd5 D,Fxt) D,Fxs()t Q<

[ee] [oe]

then DZJ'Fxt,() dx = J’DzFxt,() dx onA xA,.
0 0

Fxt,) Fxs()-
ts=

Proof: Let ¢ sk) for stz . By (1) and the mean value theorents>

with tA O, DOust() sflC O ¢@sf) D,Fxust ,(),(. Using this and (3) we have that for

00

anye >0, Ub>0, [d >0 and a nowhere-negative @) ) obeyinng(() dx & such that if
b

[ts-0% andxkz , then|@sK) D,Fxt,)54 |DyFxust ,(),() DyFxt,)4 )<= From
this and (2) it follows that for ab® , [® >0, and a nowhere-negative (&) f{) obey-

(29 (29 ] (29

ing J'f)() dx &< such that ifitss0x , then I(p sk) dx—IDzFxt () dx J’f)() dx e.
b b b b

(o) 00

Taking the limitst- , noting thatlitchp sf) dx = 2J’Fxt,() dx, and finally takinge - 0
st—
b b

with b €, we arrive at the desired result. QED.
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The functionsFxt,() of interest in this paper have the foffmt,() = x'log (x Me™** with

Ref) -2 andc® . For these functions it may be shown that the conditions of Thm. C.1 hold.

D. EXPANDING ETA'S DOMAIN

To apply the T transform, the assumption thaha# 0 had to be made. Here we present a sim-

ple theorem that expands the region of validity of the various expressions derived in this paper to

the region where any of thg may be non-negative. We present the theorem for the single subset

sum case only, although the multiple non-overlapping subset case and the contained overlap case

may be handled in an almost identical manner.

Theorem D.11f Re nf(), >0, Re n()z0 andRei); -%,i1 ,=. mthen

+0In

| ",y FQnFlnB

Proof: Note thatn >0 implies that there is an integg® and ann <0 such that

nn ~ +%. Thusl p[h may be rewritten as

e Y 1 =
where [ P = 6ij andd is the Kronecker delta function. Iterate this operatjdimes (removing
one power fronp and summing with an increased count vector each time) to find
n n -
I p',[hx i GD..Ziq oh P ne|r+Tl,[]—... eiq.
Simplify this to yield

e 00 1 pT nell=

a7q
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where the vectan has nonnegative integer components summinpviith g, = O fori  ¢. The

*On
symbol ()E ————— is the usual multinomial coefficient. Singe< 0, evaluate the in-

tegrall pﬁ ne,[] using Thm. 12 wittkl=  (noting thaf3, andf3 increase by due toq being

GV )Ny
Orvn ++02q

added ton) to find | p"[fy = q()g ng (- Now, we putz 02 net

into closed form by noting that it is the discrete convolution product of the functions of

M +€)r 1 g, +(¥ of g; given by

zqog e TOROD T Tneerl g+ OF

Apply the Z transform convolution theorem (see App. B.2.) to find

5, 0% CTq¥)ZI T Z Mn+eri g+

o+l 1 N +(1 ,
Note thatZ[quaJ()zr = n+Q 1z() *07 for |zZ1< and substitute for the Z
[
. M +0r o . o
transforms to flnqu ()g nt V”T' Substituting this result in (*) and simplifying
1

leads to the desired result. QED.

We resort to analytic continuation in the non-contained overlap case.

E. EXISTENCE CONDITIONS

Here we present an example of a calculation for determining the conditions of existence of the
various integral$ [[] appearing in these papers. For the integrands of these papers, existence of

these integrals depends upon the behavior of the singularities appearing at the edges of the region

of integration.
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Consider the single pair overlap interglrab?lpgz,[m , Wwherep,, p,, 0,, ando, are as in the
definitions for Thm. 14a, with the minor change tia}  contains alim indices, which may be

made without loss of generality. We show that the conditions for existence of this integral are

Re(y; >0,i1 ,=. m,Re B, +@, >0andRe B,+@{, >0.Write the integral as
| pMplh = (dp AP O pMp N p E.1
prpy:lh = [dp AR OB Pley M Py (E.1)
The first conditionRe(y;, >0,i1 ,=. m, follows immediately from the fact thftdpi Pin

exists iff Re(y; >0 and the fact that any; may independently be near zero for this particular
overlap case. Now, eith@r, or p, may also be near zero. We consider the first case, in phich
is near zero, and use symmetry to supply the result for the second case.x_etﬂpgclpi and
y=:

i0o. P, rewite Eq. (E.1) in a form that isolatps as
12

| pPpGalh = fobxfdylx = +§ " ([dpyy 8%y P XY0-0My, Py
01 0x

[AdP128% 5P =0T 1P P20 0% 55, B DX +G-0MLyy Py

(E.2)
where here the subscript notation indicates the sets of indices involved}2.g. indicates

i0o,,, .-Each of the three integrals oyemn Eg. (E.2) may be done in closed form. Do these

integrals using Thm. 9a and induction to find

Ny N, n
PPV e Ong 05,

xIdxmedyxy - P ThPeTh e 4y e Pee 7Y
01 Ox

(E.3)

Apply the binomial theorem in (E.3) to expand two of the three factors in the integrand,
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xy-() Pue “1and 1% +Y N2 Pa _ﬁ, in series. Using these series, note that each term in the
series for xy-() Pue =1 il contribute the same power a&fafter the integration over, while

the terms of the series follx  +(Y 2 Bz =% contribute increasing powers of x after the inte-
gration overy. Note also that if the lowest-power-gfterm is integrable ovex in a region con-

taining 0, then all terms are. Thus, the worst case occurs with the constant term from the binomial

series for 1x +(y N2 Pa _ﬁ.Afterintegration ovey with this constant term, and considering

the smallx region of integration, we are left with the integral oxegiven by

. n, B,—4
C fixx * ™ 7, (E.4)
5
where Oxk , andC is a constant. This integral exists fee (3, +(), >0. This, symmetry,
and the first condition (given bRe(y, >0,i1 ,=. m) establish the result. The method for

more complicated overlap structures is also indicated by this discussion.
The discussion above is of interest in another way: it provides a general method for finding

multiple overlap integrals without the use of transform theory.

F. DERIVATIVES OF OVERLAP CONVOLUTIONS - POLES

In this appendix we find derivatives with respecttof expressions such &sk n-()rn-(,
wherek01 ...»{, andn may be any number within the constraints of existence. We consider
the various cases that arise when some combination of poles occurs and demonstrate the various
simplified expressions for the derivatives in these cases.
Whenn is not an integer, there are no poles in eith&r n-or '—() and the usual deriva-
tive expressions hold. Whenis an integer ang < 0, the usual expressions also hold sik@e

and therefor&k n->0. The case where the usual expressions hold will be denoted as case O.

LANL LA-UR 93-833 43 SFI TR-93-07-047



Whenn is an integer and = O, there are two cases are of interest. The first, case 1, occurs
whenn =0 andk n-= 0, so that there are poles in the denominatdr kf n—()r'n—() only. The
second, case 2 occurs whgee 0 andk n=< 0, so that there are poles in both the numerator and

the denominator.

In order to find expressions for the derivatives in cases 1 and 2 we use the following facts. 1)

The only singularities of the gamma functib(x are simple poles ain —=,n 01 ... with
residues -0 "/n! respectively. 200 "' k n-n-,0= -0 "* TOT K 1k(I)n when-
_r]_

k
i1=

ever the expressions exist. (The idenkitk n—-()rn—-(Tl ki-n—()= may be used in de-

riving this.) 3)I k n—-()n—() is the representation (away from the poles in the gamma functions)

of an everywhere-analytic function (note th@ s still assumed). Using these facts, the expres-
sions for cases 1 and 2 are found by substitiitey=  for n (now restricted by the conditions

of cases 1 and 2 to be a nonnegative integer) in the corresponding case 0 expressions and taking

thee = O limit.

Case 0: n non-integer, on an integer witn <0 andk n-=0. There are no poles in the

numerator or denominator. The first derivative is given by

o3 (K PO 008G )

Ther™ derivative may be found by iteration, using Eq. (F.1) and the recursion relation
oto0 k n-go- ™0 k n- (F.2)

For example, taking the derivative of Eq. (F.1), applying Eq. (F.2) with Eq. (F.1) in the

process, yields the second derivative

IR OMEAR 1§ ae® k nnm0. R

2
a"]
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Case 1: n anintegern =0 andk n-=>0. The denominator contains a pole.
The zeroth derivative is 0. Taking the appropriate limit in Eq. (F.1) gives us the first
derivative
-0 ""*!Irk n- (F.4)
while taking the appropriate limit in Eq. (F.3) yields the second derivative
-0 "2n!T k  n-0%, -0

(F.5)

Case 2: n integer,n =0 andk n= 0: Both the numerator and denominator contain poles.

—M Kni
The zeroth derivative is simply%. Taking the appropriate limit in Eq. (F.1)

gives us the first derivative

n!
n—G'!

while taking the appropriate limit in Eq. (F.3) yields the second derivative

-0 ao® k- n-n- (F.6)

-0 knrl!(k! 2% k n-n-0 20® Kk n-n-0. (F.7)

G. MULTIPLE OVERLAP RESULTS

Here we define the genetabnvolution Form(CF) notation and demonstrate the results stated

without proof in Sec. 2e. Lek ki,,()= Kk, be a vector of nonnegative summation indices,

(with n the number of such indices) and@f{) be any function of an n-vector of nonnegative in-

tegers. Further, lef‘=1"_ t./, t_ =3"

= b ta=2Z- at;, wherea a;,()=a, with components in the

reals, and letx, be a complex number indexed by

Define the CF symbol alf) to be the set of expressions of the form

LANL LA-UR 93-833 45 SFI TR-93-07-047



a -1
exp -0  Chk < t¥, (G.1)
whereTt is known as theonvolution variableand where theccurrenceindicator vectorh has
1t"

components in 01} andb;, = 1 if and only ift; occursin the summatiorz, C(kt MK e

b, = 1iff Ok C(k #0 andk;>0. All the aspects oC(k that are relevant to the analysis of

Sec. 2e are expressed by the vebtoA particular member of the CFal{) will be written as

al{) ,,i.e.uindexes the CFalf) .

In order to represent convolutions of CF expressions, lat{)  cd),[] be the set of all ex-

pressions that result from the convolution of two CF members fralif) and cg) respective-

ly, i.e.

atf) cd)[l {}% at) (x cd) , TG dx (G.2)
where by al{) (x we mean alf) , with its convolution variable evaluatedxatand whereu

andw range over all indices for the CF'sif{) and cg) respectively.
Now we show that the result of the convolution of any two members of CF’'s may be written
as a member of some CF. More precisely, we prove Eq. (13) of Sec. 2e,
alf) cd),[]]0 c bdl nz ca();l(. (G.3)
To prove Eq. (G.3) start by noting that each integrated convolution in Eq. (G.2) has the repre-
sentation (see App. A, Eq. (A.2))

ay

-l 90 Ohe Gols - (G4

—Tt, . ik .0
e ZjZijk()ttTJ W . a; a

In Eq. (G.4), as befor¢,andk are vectors of nonnegative summation indi€z€§]{) is a function

of the vectorg andk (specifically, itis the product of the C’s appearing in the two C&§ (x

and cd) (), th=nn ti[] ' (and similarly fort“), t.=30_ Ct,

il= i1= ||’andtcar Ezinlz Ci _@1 'E

Now, expand the hypergeomettig in the series (see App. A)
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+ofa OXJ Ot !

oo o+ s0La = ()I';O( 0% o= a+@, (G.5)

Substitute Eq. (G.5) into Eq. (G.4) and note the following four things: @)# 1 thent, occurs
in Eq. (G.4), (2) ifd, = 1 thent, occurs in Eq. (G.4), (3) i — a # 0 thent; occurs in Eq. (G.4),
and (4) if none of the cases 1-3 hold thedoes not occur in Eq. (G.4). Thus, the occurrence in-

dicator vector for the result of the convolution Eq. (G.4)es bdl  nz ca()(. Noting also
that the constant in the exponential’s argumen establishes Eq. (G.3).

Finally, Eqg. (14) of Sec. 2e follows immediately from the definition of the CF in Eq. (G.1) and

the properties of the T transform in App. A.
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FOOTNOTES

1 An alternate proof of Thm. 12 leads to an identity. Where the inverse T transform is applied in

the proof of Thm. 12, instead find the convoluti(ar?l_le_“DT é_l) using Thm. 10.2 and ex-

press it in terms of - . Now, do the inverse transform and equate this result to the result of

@r ca -(r
ca(lr chb()=

Thm. 12 to findGauss’s identity ;= alf) cI(r

2 An alternate proof of Thm. 14a leads to another identity. Instead of applying Thm. 11, apply Thm.

B,—1_ pt ,+0s

. i . -1 -
10.1 to the first two terms of the pairwise overlap convolupg‘r‘i2 e Pl p e

. . . , . . -1 -
and immediately take the inverse ffansform. Now, do the final convolution Wlﬂ‘?&2 e P

and take the inverse,Transform. Note that there is only a single summation in the result, whereas

in the result in Thm. 14a there are two summations. On the other hand, the convolution

-1 - -1 - , . . -1 -
p[312 e P10 g pBZH e P can be taken first, followed by a convolution \/\/;11[I3'1‘*2 e ptl,

effectively interchanging indices 1 and 2. Equating these two single-sum forms gives the identity

| 05 05 by b, a+e)—@
F @ &b DIl e Ty e 0D, b, & +@e0=

X 35 b,-a, b; b, a+&)-a; b,—a b, b, a+@+b; b, a, +@g+1],

while equating either of the single-sum results just described to the original result of Thm. 14a

yields Gauss’s identity, discussed in footnote 1.

3 Utilizing Gauss’s identity (see footnote 1 and [9], Eq. 15.1.1) provides further simplification in
Thm. 15a for cases 15a.2 and 15a.4. These simplifications are due to simplifications appearing in

FOO o qp®L

and respectively. The choice of the form of the results presented was made consider-

ing the simplicity of the results and consistency between the results.
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