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0.0 Abstract.

The problem of fipothesis testing isxamined from both the historical and the Bayesian
points of viev in the case that sampling is from an underlying joint probability digioib and
the hypotheses tested for are those of independence and dependence of the underlymg distrib
tion. Exact results for the Bayesian method areigeal. Asymptotic Bayesian results and histor-
ical method quantities are compared, and historical method quantities are interpreted in terms of
clearly defined Bayesian quantities. The asymptotic Bayesian test relies upon a statistic that is
predominantly mutual information.

1.0 Introduction.

Problems of fipothesis testing arise ubiquitously in situations where obdetata is pro-
duced by an unkmen process and the question ise$sKFrom what process did this obsealv
data arise?” Historicallythe lypothesis testing problem is approached from the point of ofe
sampling whereby seeral fixed fypotheses to be tested for areegi, and all measures of ttest
and its quality are found directly from thkelihood i.e. by what amounts to sampling theelik
hood [2] [3]. (To be specific, aypothesis is a set of possible parametatars, each parameter
vector completely specifying a sampling disaitibn. Asimple hypothesis a typothesis set that
contains one parameteeator A compositehypothesis occurs when the (nonemptypdthesis
set is not a single parameteaxctor) Generally the test procedure chooses as true yipothesis
that gves the lagest test &lue, although the notion of procedure is not specific and may refer to
arny method for choosing theypothesis gien the testalues. Since it is of interest to quantify the
guality of the test, #&evel of significances generated, this\el being the probability that, under
the chosen ypothesis and test procedure, an incorrggiothesis choice is made. The signifi-
cance is generated using the sampling digtiob, or likelihood. For simple lypotheses the \el
of significance is found using the single parameadwer of the fipothesis. When a test is applied
in the case of a compositggothesis, aizefor the test is found that isvgin by the supremum
probability (ranging wer the parameterectors in the ypothesis set) that under the chosen



hypothesis an incorrecypothesis choice is madeo Summarize, the historicaypothesis testing
procedure, gien data and seral hypotheses to be tested feests eachypothesis, chooses the
hypothesis by xamining the testalues, and prades a measure of the quality of the test by pro-
viding the level of significance of eachypothesis. Further delopment of the ypothesis testing
framavork considers the notion optimality of a test. Br the tw hypothesis case, tHéeyman-
Pearson optimal testvith specified significance Vel is aty test that minimizes the probability
that the lypothesis is acceptedvgin that it is not true, and has a significangellaot surpassing
the specified significancevi@. It is not dificult to shav that all N¢gman-Pearson optimal tests
for simple typotheses are of the form of a direct comparison of the ratio of #éhbkds for
each of the ypotheses to a fed \alue.

The historical gpothesis testing procedure ignores the probabilities of occurrence for each of
the hypotheses and of thenous parameterectors of the ypotheses. The procedure implicitly
assumes that eaclygothesis occurs with some éit probability and that the parametectors
for each lypothesis occur with some &8 probability but does not mak it clear what these
assumptions are. The important indicator that the probabilities of occurrence for each of the
hypotheses are ignored is thaegything is based on the sampling disitibn, or likelihood.

Another framvork exists for lypothesis testing that does not raaknplicit assumptions
about the probabilities of occurrence gpbtheses and parametectors. In the Bayesian frame-
work [3], aprior distribution is chosen that quantifiesviadhe \arious lypotheses occuinstead
of grouping all parameterectors in a gien typothesis into a group with unclear probabilities of
occurrence, the prior quantifies the probability of occurrence of the paramet@rsv Furtheiin
the Bayesian franveork all hypothesis choices are based upaoislafunction: choose theypoth-
esis that minimizes the riskosee wh this is important, consider the case where there are tw
simple typotheses, Uit it is knavn that one isdr more probable than the othBuppose that both
hypothese®xplain the data equally well (wherexXplaining equally well means that both dik-
hood functions are equal). The historical testing procedure with a stelthdikd-based test will
choose one of theybotheses at random (becausey/thare equal liklihoods), while the Bayes
procedure, which considers the probabilities of tipotheses and minimizes a risk that is the
probability of error of choice, will choose thggothesis that is most probable. In maases this
is the desirable choice. In other cases there may be such a high risk associated with the incorrect
choice that the Bayesian methodwld choose the Vo-probability hypothesis, een under the
conditions outlined abhw. Another reason it is important to understand the assumptions com-
pletely is that often a procedure is desired that can choose betyyethdses parameterized, say
by regions of R", with a diferentn for each lgpothesis. (A case of this form is being considered
in the rest of this papgWithout clearly specifying the priptt is difficult to understand o ary
hypothesis imolving a parameter space ofMer dimension could beafored wer a parameter
space of higher dimension, especially if the union of the disjoint spacesefdanension and
higher dimension agers the space of probability functions.

In what follovs we &kamine a specificypothesis testing problem - that of testing for indepen-
dence of an underlying joint probability disuiibn based on a finite sample of obsehdata



dravn from that distrilation. We will consider the problem from both the historicgpbthesis

testing framevork and from the Bayesiarypothesis testing framerk, assuming an optimality
criterion and test, or prior and risk, as appropriate to the method. By comparing the Bayesian
hypothesis testing procedure to the historiggddthesis testing procedure, we raakear some of

the assumptions that the historicgbbthesis testing procedure implicitly nesk For instance,

we demonstrate that the notions of optimality in the tmevorks are quite diérent, with the

notion of Negman-Pearson optimality beingauous for the problem under consideration. Most
importantly we shav that the problem of testing for independence is easily formulated within the
Bayesian frameork. In the Bayesian fram@rk all assumptions areglicit and there is no need

to improvise a testing procedure. Indeed, all quantities of interest are calculable within the Baye-
sian framwvork, while it is not clear what quantities are calculable in the historical warke

Also, the Bayesian approach immediatelyegi a result useful for all sample sizes, whereas the
historical procedure does not apply when the sample size is small. Clear benefits of the historical
procedure are 1) no need to considgrdihesis probabilities. (In mgrcases this is not just of
theoretical importance the dimensionality of the spacesvied male it a necessifyout this is

not the case here.) Clear benefits of the Bayesian method are the ability to 1) quantify all assump-
tions, 2) understand sensity to the assumptions, 3) rigorously determine probabilities of
hypotheses gen data and assumptions, and 4) rigorously understand the uncertavatiesdin

We also note that with the Bayesian method there is@)l @iscawvery and analysis of an appro-
priate testing procedure.

2.0 Definition of the problem.

The problem we are considering is that of determining whether thepjoioability function
(pf) PXY() isindependengiven a sample oN obserations (ordered pairs ofilues XYX) )
dravn from this pf. A joint pf is independent when the probability of seeing a cedhia of X
is independent of thealue of Y (or similarly withYX- ). This definition is easily sk to be
equivalent to the pf beingattorable aPXY() P PY=, wherePjEx , J.Slz Px ;07
and similarlyPyZzy j ir1= Px ,(yjz (As indicated, the indicag are assumed to run froin
to integersr ands respectrely. That is, there are distinct possible alues §ymbol} of X and
similarly s distinct \alues ofY.) If a joint pf is not independent then itdependentFor brevity
we use the notatiop; ~ PX=x ,(=y; ., pjy P@=x; andpy P{=y ;. Since we will be
considering obseed data, the notatiom; indicates the number of obsations with
Xx= 3, Y =y, and similarlyn; ;=25 n; andng=Xj_ n;. The constraint&i® _ n; = N
and Z{f - 1Pj = 1 are immediate and are assumed to hold through all thaivéollst times we
consider ectors representing sf and the corresponding obssiivdata and denote their compo-
nentsp, andn, respectrely. Whener possible, and depending upon the cdntee represent

vectors or matrices in bold type, emg. (J orp ()r;;-J



3.0 Historical test br independence using chi-squad.

The historical testing approach considered in this section is the chi-squared test for indepen-
dence. When the underlying pf is represented bgctovp, and obsemd counts are represented
by a \ectorn, (both of dimension), the chi-squared test is based upon the obhservthat for
N oo the distrilution of the statisticQ ng)= ir1: n; —(Np; 2/:Npi converges to ax? dis-
tribution with rt=  degrees of freedom (dof) [1] [2] [3] . (Explicitlythe x? probability density
function with n dof is given byx (x = 2 "I nZ) x"* ~'e **, wherex@ .) (For smallN
the distrilution of Q is som&vhat diferent: we mustxamine the gact sampling distriltion of n
in order to find the sampling disttition of Q.) In the historical framegork the lypotheses being
tested aréH,:p andH;: not p. The decision to rejedd, with significancea 0X)0 is based
on the cumulatie distrilution function ofQ: With ¢ chosen so th&Qc>()a= , H,, is rejected
if Qe , otherwise it is accepted. Qualitegly, all is well. TheQ functional is proportional to a
measure of the ‘distance’ oh/N from p. This is easily seen by rearranging as
Q np)Z ir1= N/ N —(p; Z/mi, where the proportionality constantNis For N oo, the right-
hand side of the proportionality ogges to zero when theypothesis is true, otherwise it con-
verges to a nonzeraalue. Wth the factor of N present, it either caerges to ap(f} distributed
random ariable (rv), or it dierges to infinity The significance is the probability of incorrectly
choosing the ypothesisH, (givenH,, is true) for this test. Furthesnd perhaps most importantly
when p is not the true pf, thealues ofQ are increasing foN o, and the test is based upon
rejectingH, for large Q.

To apply the chi-squared test just outlined to the problem of determination of independence,
let the assumedypotheses bély:p; = p;py andH,:p;; # p;Ppy. The quantitiep;- andpy; are
estimated fom the datéy their maximum lielihood \aluespi;  m/N andpy  ngy/AN. With
the estimated mgmal distritutions found in this manner the statistic
Qnp)z e stlz n; —~INpPi PG 2/:Np}EpEJ~J is asymptotically I ) distributed as &? rv
with rE() si() dof. [2]. Using thisx? distribution, the test for a gen significance goes
through as before. There arevesl criticisms that must be madeit bve leae these until Sec. 6
where this historical testing method is compared to the Bayesian method.

4.0 Bayesian test ér independence.

In the Bayesian procedure we are directly interestedvanghe obserd data, the probabil-
ities of independence and dependence of the underlying pf, as weyl athhanquantities (eer-
ages, uncertainties, etc.) that may be of interest. Later we interpret the procedure in terms of the
minimization of a risk. In the process ofvééoping the Bayesian approach to this problem we
shaw that the important underlying quantity of interest is the mutual information function.

The crux of the Bayesian approach is the choice of prior for théypotheses, a choice we
necessarily makbased osubjectivemeasures of oknowled@ of the underlying pf, and with
considerations made for assuring the calculability of results under our assumptions. The prior



makes eplicit all assumptions wolved. With this in mind, consider the twhypotheses, the first

that the pf &ctors as in Sec. 2 (independence), and the second that it does not (dependence).
Clearly, the independentypothesis has leer dimensionality than the dependerpbthesis.
Indeed, much as weowmld separate a line from a plane, we may look at the choice of the tw
hypotheses as kimg divided a higher dimensional space, the space of &l pito a lever
dimensional subspace and a space with the same dimensionality as the original. Let the prior
probability of the independenypothesis|, beP() , and similarly let the prior probability of the
dependentypothesis|, beP() . ClearlyP() P()+ = 1. Further let the prior on eachypothe-

sis space of p§ beuniform or constant, so th&(p || = c, andP(p | = c;- The constants

are such that each is normalized. Note that each prior is zero’$oouyiside the respeoti
hypothesis spaces. Because both of tyyeothesis spaces contain’ that areconstained by

having components summing to one it is important xplieitly state the form of the priors

P(p |1 andP(p | | . When the pfdctors, thers probabilities in each pf are specified sy
underlying parameters, which in this problem represengimer probabilities. The constraint

Z{f’ _q.Pj =1 reduces the number of independent parametes2to—+ . When the pf does not

factor there arags parameters, with the constraint reducing the number of independent parame-
ters torst . For the independent case, we choose as the underlying parametpfsip? and

pb, each of dimension ands respectiely, and incorporate the constraints that the components

of the respecte pfs sum to one using delta functions, so that

Pp || P p2®5 | [ Pia—(0 js= Pp—(L. Similarly, for the dependent case we
parameterize the space usimgtself, so thaP(dEl irf' = 1Pj —(L. It is not dificult to shav

that, with the priors chosen in this mannée densities on the corresponding acek of con-

straint are indeed constant [4]. The assumption of uniformityvemiby the subjeate desire to

put as little knavledge as possible into the priores the pfs, and to praide for simplicity of cal-
culation. Uniformity is one requirement that we may drop: when the prior is not uniform the
method for computing results in a manner similar to those presented in this paper is presented in
[6]. Related gpothesis testing ark appears in [8].

A desired quantity is thposterior probability of independencewvgin data,P()|] n . From it,
because there are onlydwnutually eclusive hypotheses, we find that the probability of depen-
dence gren data iP()| n 1P1|()—= . Using Bayes Theorem the posterigpbthesis prob-
abilities are gien by

POl n P(n |1 PO P=andP)| n P |l PO P (1)
whereP(h | | is the likelihood, or sampling distriliion, given that lypothesisl is true, and sim-
ilarly P(n | I is the likelihood gven that lypothesisl is true. Agin, because there are onlyotw
mutually exclusive hypotheses,

Ph P [T PO PO |1 PO+ (2)

Furthermore,

P |1 = [Pn|p,0Pp|!I dp, and similarlyP( | I = [Pnli pO P [1dp, (3)
whereP n | p,() andPn |p,() are the likelihoods gien fixed pfs in the respecté hypotheses.
The fixed pf likelihoods in Eqg. (3) are multinomial distuitons, with



Pnlp( = D%IITI i =1 (Pidyp M andPn|p0 = Dlﬁlﬂlﬂ'l S P 4)

For the independent case in Eq. (3) we mayrite the intgral forP(h | 1 as

POV R P 82l PG dp®  ORGh (o ' BE 5 PpC-dp® . (9)
Similarly, for the dependent case in Eq. (3) we may write thgnakéor P(h | | as

POVIT O (Rmf - 1PyRdZ § - Py~ dp. (6)

In Egs. (5) and (6) note that, because of normalization of the priorslOthe values of the

right hand sides of the proportionalities Egs. (5) and (6) should Bke intgrals in Egs. (5) and
(6) are found using ceolution and Laplace transform techniques described in [5]. Thgraate
tion shavs that the normalization constant for the independent prio@is (¥ , while that of the
dependent prior ig (Js . Taking into account the normalization constants for the priors, the

results for the ypothesis-conditioned sampling distrttons are
irlz r niD+(J-r| jsl: r n[j] +(J-r

POTIT 0T 6 (R Nrgr Nsg= (72)
_ ir-s . n +Qr
and POTIT O R Iilrs()lz . (7b)

Let CPI () Ply=andR(h P(h |l P . Using Eqg. (2), the posterior probabilities of the
hypotheses may beweitten in terms of kn@n quantities as

POl n 11CR  (m(). (8)
Similarly,
POl n CR(h 1CR (w(. 9)
It should be pointed out that the probabilities for thpdtheses gen the data in Eqgs. (8) and (9)
are eact and hold for alN.
Other desired quantities are the posterior probabilities that a pf oceenstigé obserd data
and lypothesisP p | n,() , andP p | n,() . Using Bayes Theorem, write these in terms ofAkmo
guantities (prior equation and Egs. (4), (5)) as

Ppin®d PnlpOPPII PEI, (10a)
and similarly (prior equation and Eqgs. (4), (6))
Ppin® PnlpOPPIl PHFHI . (10Db)

Another quantity of interest is the probability ofygsf given data onlywhich is written in terms
of knowvn quantities (Egs. (8), (9), and (10)) as,

PpIn Pp[nOPOl n Ppln(POkn . (11)
At this point it is of interest toxamine the functiorR(h . Explicitly,
' T n.
RO | i =2l my +O Nr+OF NstOF ()5 12)

= T Mgt G T ong +Qr Nrs(r ar <



Note thatR(h consists of adctor that is dependent upanand a &ctor that is independent of
The n independentédctor I'(JE @r (WY, is dependent only upon the dimensions of the
parameter spacesvimived. When no obseations hae been madeNO= ) it is cancelled
exactly by the &ctorI' Nr+()IF' Nst()Ir  Nrs() . In the n&t section we relate Eqg. (12) to an
estimated mutual information function and the historical chi-squared testol, note that if it

is desired to minimize the risk of error (making an incorrgpbthesis choice) we auld choose

| or | based on the Iger of P)) n andP()] n . This leads to the Bayesian minimal error test
procedure of choosing if CR(h <1, choosingl if CR(h >1, and otherwise choosing ran-
domly (with equal probability).

5.0 Asymptotics of the Bagsian test and Mutual Inbrmation.

The previous two sections described the historical (Sec. 3) and the Bayesian (Sec. 4) tests for
independence. The easily computed statGiR{h was identified as the important object in the
Bayesian test. In this section wevdlp the asymptotic form c@R(h , shav how the dominant
term of this asymptotic form may be wied as an estimated mutual information, and relate this
asymptotic form to the chi-squared form in the historical test, which is layltdein asymptotic
test.

Taking the logrithm of Eq. (12) gies us the sum of geral terms. In finding the asymptotic
form of LogCR (){) there are six basic terms which are easily approximated and summed, along
with the N-independent terms. The six basic terms are thenwitp

35 _jLog Ty +Q0, T Log I m#+(0, Z5_ Log I ng+(0),
Log I' Nr+()(), Log I Ns+()(), and Log I' Nrs()()-. (13)
Using Stirlings formuld and carrying out the approximationsadM() shawvs thatCR(h is the

sum of terms of arious orders ifN. We write these terms in decreasing order:

- /(N

Order N: NZ® _, n;/(N Logn ”iE((N” /00 (14a)
OrderLogl)

Z{f’ _,Log0)x - Loglz - Log(l)—[jﬂ rs— —-s 12()Logl-. (14b)
Order1.: Orsr—%ﬂ Log2 () Log 595@0 LogQ+ (14c)
Order1N :

s mpemnonde e 2NVRgs 2o Soger (140)



The approximation (Egs. (14a)-(14d))) holds whemﬁlll N, Or N are nonzero. When wrof
these are zero, simply rem® them from the appropriate summations wkienghe/ occuy
becausd.og '(J() = O (see Eq. 13). Note that the highest order term is the mutual information
between the estimated’ an /N and nIE((D\I nq/(N Letting the true underlying pf b|aa

and assuming itaictors so thapIJO P; EpI o it is easily shan that in the asymptotic gene this

term is closely related to Pearsoohi-squared statistic. L&, ny /N =3y, with similar defini-

tions for A, and A@. In the asymptotic ggme and whemij <Py (as would be typical in lage
samples), the highest order term in the approximation (Eq. 14a) is

/N N2 D, A%, B

N5'S . n /N Logn - Zy o=y o D -

ij =1 IJ N 9 niE((D\I n[ﬂ/(N) b _lpod:)q]o = piOD ] p@o
OHA3 . (15)

We note thatN er -,A i2 (]zS,Epqo is the Pearson ch| squared statistic, distad asxr L - 1he
other terms are ch| -squared statistics digtel asy? ‘L and x2 <. respectiely, and a constant
asymptotically proportional to the true mutual information. Becaygedistribution has mean
and \ariance2n [7], then, for suiciently lamge \alues ofr ands, it is possible to conclude that
the dominant term in Eq. (15) is tb(és} distributed term,Zirj’S - 1084 Py

6.0 Comparisons of the tests.

The calculations of the last section allseseral definitve comparisons of the Bayesian and
historical tests to be made.eVdgin by interpreting the quantities that appear in the historic test
in terms of Bayesian test quantities.

In the comments at the end of the last section we noted that the dominant term in the asymp-
totic form of LogCR (J{) arising in the Bayesianypothesis test is predominantly equal to one
half of the Pearson chi-squared statistic of the historical teet) that the dimensionsands are
sufficiently lage and thathe true hypothesis is a member of the independeninsetr as the
Pearson chi-squared statistic is asymptotically equal to the historical test statistic, we may con-
clude that the historical test is loosely basedvane the Igarithm of the minimum risk (ear)
Bayesian testThe significancex is therefore loosely the probability that twice thealodpm of
the Bayesian test statistic wilkeeed the cutdfvalue c of the historic test. Since the Bayesian
test statistic is the ratio of the posterior probabilities of the dependent and indepepddéme-h
ses, we may conclude that the historical test is based on the same, in the asyrgjiejcarel
for suficiently lage dimensions ands.

In the small sample geme or when theypothesis is not necessarily a member of the inde-
pendent set (the typical case, otherwisg Wwhther testing at all?), the discussion of the last para-
graph does not hold. @eral constants lva been nglected (the ratio of the priors, the dimension



dependent term). The mieus discussion also breakswioif the dimensions ands are small.
When ar of these assumptions are violated, we are forced to apply the Bayesian &stay g
understanding whater of the relatie posterior probabilities ofyppotheses. Indct, should we
desire information of the sort that Egs. (10) and (11) supply the Bayesian procedure is rele-
vant.

The notion of optimality is clear for the Bayesian testwHeer, for the historical test the
notion of Neyman-Pearson (NP) optimality is meaninglesssée this, recall that for 8d signif-
icance a NP optimal test minimizes the supremum of the sampling probability that the indepen-
dent typothesis is chosen\gin that the dependenygothesis is true, where the supremum is
taken as the underlying pf in the dependeypdihesis rangesver the dependentypothesis
space. Because it isnays possible to choose a dependgpbthesis as close to the independent
hypothesis space as may be desiregt,degpendent ypothesis sampling distiiihon continuous
in the underlying gk may be brought as close as desired yararependentypothesis sampling
distribution. Thus, for all tests, the supremum indicatedsab® the same. Thus, no NP optimal
test aists for the historical method.

The Bayesian approach clarifies a confusion associated with the historical test. This confusion
concerns whether the cutdbr the historical test should be on higalues of the test statistic
alone, or whether both a high cutahd a lov cutof are reasonable [2]. Recall from the discus-
sion of Sec. 1 that, in the cortef the historical test procedure, the significangellsets a con-
dition only on the probability of rejection of independenceegindependence. Thegien of the
sampling distrilation chosen for acceptance is therefore arbitrary as longxasuties a rejection
region, in probability of the gven significance. The Bayesian approach strongjyes that, for
the particular fipothesis testing problem considered here, the acceptancestutotdonly be on
the high end.

Finally, note that there is a choice that must be made when the space of symbols being sam-
pled is continuous, that choice being the grouping into discrete symbols the contizluesdivat
may appearClearly this choice is crucial for making either testing procedwes ugeful results.
For both procedures there is no defimtimethod for making this binning choice. wwer, for
the Bayesian procedure there is at least the certainty that the assumpbtvesiim the binning
choice can be madeamicit. A prior for the binning choicesmay be assigned, and all calculations
for the joint distrilution of one or more ofypothesis, pf, and binning choice may be made
exactly.

7.0 Conclusion.

The Bayesian and historical methods fgpdthesis testing va been presented and dis-
cussed. The results for the Bayesian methodxaet end were found in a direct manriére his-
torical method uses geral quantities of tenuous rig@nd these v been understood by relating



them to the xact results of the Bayesian method in the asymptotic limit gélaample size. The
dominant term of the asymptotic Bayesian test statisiis shavn to be a mutual information.

The Bayesian method prided a means for comprehending both the historical test statistic and
test procedure. The historical method is incomplete because it does not rigorously handle small
samples. The Bayesian methoglitly states all assumptions, whereas the historical method
makes assumptions implicitiyThe Bayesian method indicates the proper responseeavtadn

using the historical method and symbol counts of zero pecut it preides a justification for
placing the cutdfin the historical test only on the high end. In retrospect, it appears that the his-
torical procedure relies haly upon intuition to preide a useful test statistic and test procedure,
whereas the Bayesian method reliesvitg@n the subjectie quantification of prior kneledge.
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Footnotes

1. Stirling’s Approximation: I x3() A/2nxxxe_x[1112>91288>ﬁ o(l)x—zﬂr. The higher

order terms may be found in [Abramitz && Stegun].
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