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Abstract. The posterior moments of parameters specifying distributions are min-
imum mean square Bayesian estimators for the corresponding moments of those
parameters, and as such are ubiquitous in the Bayesian approach to statistical in-
ference of distributions. The Cauchy distribution is most notable for its wide tails,
decided absence of high-order moments, and non-existence of less-than-data di-
mension sufficient statistics. Thus it vastly differs qualitatively from the Gaussian
distribution, where tails are small, moments of all orders exist, and dimension-two
sufficient statistics always exist. In this paper the posterior moments of the posi-
tion parameter of the Cauchy distribution are found in closed form. (Estimating
the other parameter, the width or distance parameter of the Cauchy is done using
the same mathematics.) The interplay between the amount of data acquired for
the estimation of the position parameter and the existence of higher order mo-
ments of the inferred posterior distribution for the postition parameter is made
explicit.
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1. Introduction

The Cauchy distribution [1], [2] has a clear physically motivated model as the
normalized density function for reception on a line, of particles radiated om-
nidirectionally from a radiator. If the line is the x-axis and the radiator is at
(position, distance) = (xg,yp) then this density is proportional to the Cauchy
likelihood distribution

Yo
Px | (xg,y = . 1
( | ( 0 JO)) ﬂ_(yg + (1._1.0)2) ( )
Given N independent observations (receptions of particles) at positions (z1,...,zy)

=: ¢ and given that the prior for the true position of the radiator is given by
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P((z0,y0)) then Bayes’ theorem states that the probability density function for
the true position of the radiator is proportional to the product of the Cauchy
distribution and the prior, P((zo,yo) | ) o< P(x | (xo,y0)) P((x0,y0)). Since the
observations are independent, P(z | (20,y0)) = I, P(z; | (z0,v0)), with each
term in the product having the form of (1). Taking the distance of the line from
the radiator yo as fixed, we are left with the Cauchy posterior distribution for the
position parameter zg, P(zg | ®,%o), and this is the distribution discussed in the
rest of this paper (usually dropping the redundant y, from the notation). However,
note that the estimation of yy is accomplished by the exact same mathematics, as
will be seen later.

Given the Cauchy posterior distribution for the position parameter xg, we may
take moments of it, and these are naturally expressed as a ratio of integrals since
the proportionality constant is itself the zeroth moment of the distribution. Thus

define

Lif(x) | 2] == / F(w0)* P | o) diry )

and satisfy oneself that for uniform P(zo,yo)
E[z* | 2] == /xg P(zg | ®)dzo = Iz | ]/ L[z | =] (3)

The notation Ij, := Ij[z | =] is used later. The use of the first posterior moment of
the Cauchy distribution as an estimator for the true value of the position parameter
is motivated by the fact that it is the Bayes’ minimum mean squared error (mmse)
estimator for that position parameter. Similarly, it is left as an exercise to show that
the nth Cauchy posterior moment is the Bayes’ mmse estimator for the nth power
of the position parameter. In particular, the combination of posterior averages
E[z? | z]—Elz | ]? is the mmse estimator for the variance. Thus we are immensely
interested in computing these moments.

In the rest of this brief paper we show how to compute the posterior moments
of the Cauchy distribution in closed form, provide explicit indications of how the
existence of these moments is tied to the number of observations, discuss the use of
non-uniform priors, discuss non-integer moments, and finally discuss the moment
generating function. In the next section, the moments are computed when the
prior is “uniform” on the infinite line (by treating the prior as a infinitesimal
constant). Following that we discuss the computation of these moments when the
prior is uniform on any finite interval of the line. The infinite interval solution
is discussed as a two-sided limit of a large finite interval and explicit agreement
with the first (infinite line) solution is shown. The final sections present comments
on using non-uniform priors, and the moment generation function. For simplicity,
we only consider moments of the position parameter z (moments of the distance
parameter y are similar). The presentation is terse, and references to the standard
mathematical literature are minimal, hopefully allowing this paper to serve as a
handbook for the Cauchy distribution in Bayesian statistics.
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2. Infinite integration interval

When the interval of integration is (—oo, o0) then the problem of finding moments
may be viewed as a contour integration problem. The zeros in the denominator of
the Cauchy distribution are given by xii := @; £ 1y;. Thus I is given by (same
normalization for all k for fixed N)

— K —
IkO(/ ; @—=) - dr = % H 1/—|—a:—.z) dr = 27'sz

i=1

with the residues given by

and integer k, 0 < k < 2N — 1.

3. Finite integration interval

When the interval of integration is a finite (a,b) the residue theorem no longer
applies. However, it is possible to expand the Cauchy likelihood via partial fractions

to find

I1 > . A )
i=1 y2+ T_I 1:11: _xl_
where )
+
C’ii = . (7)
pemrel e o=

Now proceed with the integration as usual, noting that !

2k ki k—i .
dr = l —z). 8
/ z Z ; + z%log(x — z) (8)

r—z

The result is that the desired integral is proportional to

N

L= (TF+T) (9)

i=1

where

Zci <Z 2" () () Hlog(x — f?t)> (10)

m=1

k .
IThis follows immediately from the representation == Z?:l
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which simplifies to

N
L= (U +U) . (11)
1=1
for 20 < k < 2N — 1, with
Ui = O (i) og(x — a7). (12)

4. Large integration interval

As the interval of integration becomes larger we expect the result of the section 3
for the finite interval, to approach the infinite-line result of section 2. To show
this, define ri{ Hi.i via r?@ii =x — z'ii Then with this notation the result (11) of
section 3 is

N
I =) G (ah) (log(rf) + 6 ) + CF (a7)  (log(ry) +i67) o . (13)

Letting b — 00,a — —oo 3 and using the result of the previous footnote gives the
large interval result (with the same conditions on £ as in section 3)

I, = 2xiIm[C;F (z])"). (14)

Using definitions (5) and (7) this is immediately seen to be the result (4) of sec-
tion 2.

5. Examples

Here we give three examples which i) show how a posterior moment may fail to
exist for too few observations, using the context of section 2, ii) give the first
posterior moments for the 2 and 3 observation cases, and iii) give the estimator
for the variance in the 2 observation case.

5.1. EXAMPLE 1 - FIRST MOMENT OF THE 1 OBSERVATION POSTERIOR

Here k = 1 = 2N — 1 so we expect that the moment will not exist, since k <
2N — 1 was required, see section 3. Clearly, the numerator term for E[z | ]
with a - —o0,b — oo does not exist because the integrand of the numerator is
logarithmically divergent for k = 1. However it is still interesting to see explicitly
how this integral is ill defined in the context of the results of section 3. The
expansion of the integrand of I, is there given by C{ z/(z —21) + Cy z/(x — 1),
and this integrates to (zlog(z — x7) — 27 log(x — x7))/(2iy). Converting to polar

2Consider the leading order coefficient of z in the numerator of the expansion of
H,’AL1 m In particular, zf\:l Cj-(lj')k + Cz_(xz_)]‘ =0for k=0,1,...,2(N —1).
3Write log(rE) = log(r(1 4+ %)) and note that e£ — 0 for b — 00, a — —oo, respectively.
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form gives (21 log(r)—z log(r; )+zTi0 —xi0;)/(2iy). As can be immediately
seen, the only case when cancellation of the logarithms in the numerator is to be
expected for a - —oo0,b — oo independently is when y = 0, yet we must also
divide by that y = 0. Thus the integral is ill defined for this case, and the moment
fails to exist. We may take the principle value of the integral as the object of
interest. In that case, the desired moment is simply z;.

5.2. EXAMPLE 2, FIRST MOMENTS OF THE 2 AND 3 OBSERVATION
POSTERIORS

For two observations, the result is trivially given by E[z | (z1,z2)] = (z1 + z2)/2.
However, the pattern set here (the average) does not continue; for 3 observations
the first posterior moment is given by E[z | (21,22, 23)] =

8y?(z1 + x2 + x3) + 23 (x2 + v3) + 23 (21 + v3) + 2i(x1 + v2) — 6212273
2(12y2 + .Z'% + T% + ”L‘% - (1‘1.1’2 + zox3 + 1‘3171))

(15)

Interestingly, when y = 0 this is not the average. Another interesting observation
is that the difference of this and the average of the three points has a numerator
given by the symmetric form (—2x1 + z3 + x3)(—22x2 + 3 + 1) (—223 + x1 + ®2).
This pattern, too, does not continue. For example, for N = 2 the corresponding
difference is zero.

5.3. EXAMPLE 3, ESTIMATOR FOR THE STANDARD DEVIATION WITH TWO
OBSERVATIONS.

The second moment of the two observation posterior is given by y* + (2% + 23)/2.
This, along with the first moment result from example 2 above gives

El(x - Elw | a])? | @] = 4 + (a1 — 22)*/4. (16)

6. Non-uniform priors

Briefly, for an infinite interval of integration, note that when the prior is any finite
sum of the form ), a;x' then moments up to order 2(N — 1) — n exist if this
quantity is non-negative. For a finite interval of integration then any series which
when multiplied by the likelihood is properly integrated term-by-term may be used
as a prior. Rational functions where the numerator degree minus the denominator
degree is less than or equal to 2(IN — 1) may be used as priors.

7. Non-integer moments

For a finite interval of integration and uniform prior, the binomial series * may be

used to develop an approximation in the following way. Let ¢ be a non-integer real,

4The binomial series for non-integer a is given by (1+z)% = EZO Zl—,ll:(z{%)lx’, where |z| < 1.
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and consider I,. Make the expansion of the denominator of the Cauchy likelihood
as done in section 3. In each of the terms make the substitutions uli =z - Tft
respectively. Now, expand each of the resulting numerators (u,i + :lrii)q using the
binomial series appropriate for the limit under consideration (depending upon
whether | u?E |> a:li or | u? |< mzi at the limits = a,b as appropriate). When
it converges, then the series representing the integration may be truncated at
whatever order is needed for the desired accuracy.

8. Moment generating function

The kth moment is given in terms of the kth derivative of the moment generating
function by E[z* | ] = 0¥E[e*” | @] |a=o. The moment generating function for
the N-observation Cauchy distribution may be found in closed form. From (6)

N

b . + ax —azr
C; C;
Ik-[eo‘”|a:]=/ <E ! e++ "_e l)dr. (17)

i=1 v v

After making appropriate variable changes each of the terms in the sum on the
right is of the form ®

CM(b—Z‘g) u

Ceo®o /( ) %du = Ce™™[Ei(a(b— x0)) — Ei(a(a —xp))].  (18)

Making the substitutions for the moment generating function yields

SiLy Re(Cler! [Bi(a(b— =) — Ei(a(a —#})))
Siti Re(CFs)

Ele*® | z] = (19)
Clearly, all moments are easily accessible since 9, Ei(x) = € /x. As a check of the
first moment

lim [Ei(aq) — Ei(ap)] = log(p) — log(q)- (20)
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A. Mathematica program for finding Cauchy posterior moments

This Mathematica program finds the kth posterior moment of the position of the
Cauchy distribution, given the N observations (21,...,2y), the distance y = y,
and “uniform” prior on the line.

5The Exponential Integral is given by Ei(z) = fz e /udu where the path of integration does
not cut [0,00) [3]. It may be written as EFi(z) = v + log(—z) + Ezl z4/(i%) in the plane cut

along the positive real axis.
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kthMoment [k_Integer ,N_Integer] := kthIntegrallk,N] / kthIntegrallO,N],
where
kthIntegrall[k_Integer,N_Integer] :=
Block[ {i,j,Result},
For[i=1,i<=N,i++,
xpli] = x[i] + I y;
xml[i] = x[i] - I y;
1

For[i=1,i<=N,i++,
Cplil = 1/(xplil-xzm[il);
cm[i] = -1/(xp[il-xm[i]);
For[j=1,j<=N, j++,
£l ji=i,
cplil *= 1/(xplil-xp[jl) 1/(xpl[il-xm[j1);
Cm[i] *= 1/(xm[il-xp[j]) 1/(xm[il-zm[j1);
1;
1
1;

Result = 0;

For[i=1,i<=N,i++,
Result += Cp[i] xp[il~k - Cm[i] zm[i] k;
1

Return[Result];
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