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1. INTRODUCTION

The Cauch distribution [1]-[2] is gven by the probability density function for the observ
tion, on a line in some plane, of particles that are radiated randomly from an omnidirectional radi-

ator at some position in the plane. If the line is the x axis and the radiator is at posji®p
Yo

T yot07%0o 2

then this distrilation is gven byPx | x  ,09

Given N obserations (receptions of particleg) X1,()= Xy and gven that the prior for
the true position of the radiator isrgh byPx ,,()g) then Bayes theorem states that the proba-
bility density function for the true position of the radiator is proportional to the product of the
Caucly distribution and the prioPQ .0, | x Px|[x 4,00 Px 0QU. Since the obser-

vations are independer®,x | x o,0QN NOPX X 0,00=

The use of the first posterior moment as an estimator for position igatedtby thedct that
it is the minimum mean squared error (mmse) estimate for the mean of theutigstriltt is
straightforvard to shw that then'" posterior moment is the mmse estimator forrtﬁ‘epomer of
position. In particularthe combination of posterioveragesE] 2 | x - EX]| x 2 is the mmse

estimator for the ariance of the distrition. Thus we are interested in computing these moments.

In the rest of this brief paper we shdowv to compute these moments in closed forim. T
begin, the moments are computed when the prior is uniform on the line, and we consider moments

of x (moments of y are similar). Later we discuss the computation of moments when the prior is
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uniform on al intenal. The finite interal solution is discussed in the limit of adarintenal and
explicit agreement with the first solution is sitma An example is gren which demonstrates the
failure mode in the comteof Sec. 3 in finding the first moment of the onverd posterior and the
role of the Cauch principle \alue as an estimatofFhe first moments of the onand threeent
posteriors are stated and contrasted. The estimator foatl@ee in the 2 obseation case is
given. W discuss forms for priors that allalosed form solutions for the moments to be found.
We discuss an approximation to non-gee moments. Finallywe shav how to compute the

moment generating function in closed form.

2. INFINITE INTEGRATION INTERVAL

When the interal of integration is  ooc,—( then the problem of finding moments may be
viewed as a contour irgeation problem. The zeros in the denominator of the Gadistribution

are gven byx?  x; 3y . Thus the intgral of interest is proportional to
g Y X [

kal'li'\i: %dx T z#dx msh R,
o + xx(); 2 + x%¢(); -
K
()(i+ 1x

whereR, and intger k,0ls  2Nk<.

X B e X 0%

3. FINITE INTEGRATION INTERVAL

When the interal of integration is finite the residue theorem does not agipbwever, it is

possible to gpand the denominator to find

N ly N Ci Ci
245 xe(), 2 = e
+1 1x

X B e X 0%

i+ XX

whereC} . Now proceed with the intgation as usual,
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k i_ki-
noting that I%dx sk XZ

= . I‘Logxz —()+. The result is that the desired posterior
= iz

average is proportional to

kN ly Imy km k _
!: Mg 2+xx—()i2dx e G Zhe T K (K Logxx —0%£0(=
Im K K
+C.zh T ™ (k. “Logxx ~0#0) B
a
which simplifies to
N 1 k k
M 5 ——dx = IL G0k, 'Logax =05, G0k Logix <030 |,
ab + 0e();

for? Ok2N1 = —<s.

4. LARGE INTEGRATION INTERVAL

When the interal of integration is lage we &pect the result of the last section, Sec. 3, to
approach the result of Sec. 2 Jhav this, definer; , 6% by rf e x¥=7 . Then with this
notation the result of Sec. 3 is

N 1 K k
M 5 —dx =L G0k, " Logr);, +08, Cilk. * Logr); +08)
ab 2+ () 2 2
letting b o a ®3 and using the resulIiN1: Ci, (X k+Ci_ (X;. K= 02 gives the lage

interval result kal'lsz ¢dx = 2itim [Z.N Ci+()<i+ k]. This is immediately

2 2 i1=

seer to be the result of Sec. 2.

5. EXAMPLES
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Here we gre three ramples which i) she hov a moment mayail to exist in the contet of
Sec. 3, ii) gve the first posterior moments for the 2 and 3 oladgenv cases, and iii) g the esti-
mator for the ariance in the 2 obseation case. Up to this point wevganglected the needed
proportionality (normalization) constantaking this into account, the desirexpectation with
uniform prior on afp] is gven by

1 1
Ex] K kpN y N y _
SRR i K R v

ab

In what follovs we consider thisxpectation witha -, o, A simple Mathematica pro-

gram for finding these moments iz in the appendix.

Example 1, first moment of the 1 obsaien posteriar

Here k12N1 —== s0 we &pect that the moment will nokist, sincek2N1 -< was
required ot is not satisfied (see Sec. 4). Cleatlye numerator term foEX]] x with
a o—h, oo does not ®st because the irgeand of the numerator is lagthmically dver-
gent forkl= . However it is still interesting to seepglicitly how this integral is ill defined in the
contxt of the results of Sec. 3. Thexpansion of the ingrand is gien by
Cixxx —(V3. Cyxxx —()f. , and this intgrates to x; Logxx—(),, X;Logxx—()z() /2iy.
Corverting to polar form giesx;Log(),, X;Logf)T. Xx,i8,,—%,i6,. As can be immediately
seen, theonly case when cancellation of the énghms is to be xpected fora o—h, o0
independently is wheyO= . Thus the intgral is ill defined. V& may tak the principle a&lue of

the intgral as the object of interest. In that case, or wiin , the aerage is simply; .

Example 2, first moments of the 2 and 3 ob&ion posteriors

For two obserations, the result is tially given byEx | x 1,0 Xy X, /2.

However, the pattern set (thev@rage) does not continue; for 3 obsgions the first posterior

moment is gien by
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2
8y Xp+¥) X3 XppXpot(Kg  XppXgt(g Xgp Xyt —EXEXo X3
2
212y X1p Xpp Xgp  XyXp +HQRF+H(IX,

Interestingly whenyO= this is not the \&erage. Another interesting obsation is that the dif-

Ex | x 1,,(();E]x3

ference of this and thev@rage of the three points has a numeratergby the symmetric form
—2X M) X3 X;—2X,+(3 X; X, —™¥5; . This pattern, too, does not continuer F

example, forN2=  the diference is zero.

Example 3, estimator for the standardidgon with two obserations

The second moment of the avobseration posterior is gen byy?  x;+(},, /2. This,

along with the first moment result alsogivesEXEx | []-Ox 2| x y? X, =X, 2/4.

6. PRIORS

Briefly, for an infinite interal of integration, note that when the prior isydimite sum of the
form = aixi then moments up to ord8N1 —() - n exist if this quantity is non-rgative. For
a finite interal of integration then aynseries which when multiplied by thediikhood is properly
integrated term-by-term may be used as a pRational functions where the numeratogree

minus the denominator geee is less than or equal2dll —() may be used as priors.

7.NON-INTEGER MOMENTS

For a finite interal of integration and uniform prigrthe binomial serié‘smay be used to
develop an approximation in the follang way. Let q be a non-intger real, and consider one of

the intgrals to be done for the momeﬂithﬂ:\‘: ...()dx. Make the &pansion of the denomina-

+

tor of ...() as before, and in each ofatthe terms entle substitutiongxx —=:
|

respectrely,
with the + or - as appropriate for the term.w\Naexpand each of the resulting numerators

q

u>er()ii' using the binomial series appropriate for the limit under consideration (depending
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+ +

upon whetherux> = or|ux< ;= atthe limitsxab ,= as appropriate). The series representing

the intgration may be truncated at whate order is needed for the desired acouwlcen it con-

verges.

8. MOMENT GENERATING FUNCTION

The kth moment is gien in terms of théth dervative of the moment generating function by
EXIF | x = XE™|x ‘ . The moment generating function for ti¢ obseration
o=
Caucly distribution may be found in closed form.eMave

N ly N ly
————dx oo ——————adx .
+ xx(), 2 S s 2+ (), 2

BE T Ix  feMe
ab

ab

Expand the denominator in the numeratorgraéas in Sec. 3 to find

aX (00.¢
N C.e Ce
Ieaxl'lilz %yzdx :I Zile " ! dx.
b + x>e()i X% i, X+

After making appropriateariable changes each of the terms in the sum on the right is of the

form® [2]
bx()
ce™ | € ce™ Eia bx()) Eia ax(g-Il-

udu
a ax()g

Making the substitutions for the moment generating function yields
N ReC,e”™ Eia bx()) Eia ax())-]0

EgE |x T
N ReC,, Logbx —();, Logax —()7[10)=

Clearly all moments are easily accessible singiK) e€‘/x. As a check of the first

moment, limLoBixp  Ei(rd] 0  Logd)-=.
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FOOTNOTES
XK ki pa
L This follows immediately from the representation KE yikd= -1 2
XZZ i0= XZ—+=

2 Consider the leading order cliefent of x in the numerator of thexgansion of
k
NN 5. Inparticular I C,. (K, “+C.(x. = 0forkol .. 2N1—(),.
yo+ xx();

3 write Logf)*  Logrl +@dH= andnotethat* — Oforb -a o respectiely.

1iFa +(rg

4 The binomial series for non-irger a is given by 1x() ¢ = Zi0e -0 X', where

X<

Z u

5 The Exponential Intgral is gien byEif) = I %du where the path of inggation does not
o [

cut 0 o),[. It may be written a&ig)y ++097-()Z il:w% in the plane cut along the pos-

itive real axis.
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APPENDI X

The following is a Mathematica program for finding tkh posterior moment for thid obsenra-

tions Xj,(). Xy given positiony, = y and uniform prior orx c0—0o,(,
kthMoment[k_Integer,N_Integer] := kthintegral[k,N] / kthIntegral[O,N],

where

kthintegral[k_lInteger,N_Integer] :=
Block[  {i,j,Result},
For[i=1,i<=N,i++,
xpli] =x[i] +1'y;
xm[i] =xi] - 1'y;
l;

For[i=1,i<=N,i++,
Cpli] = Y(xp[i]-xm[i]);
Cml[i] = -V(xp[i]-xm[i]);
For[j=1,j<=N,j++,
L[ =i,
Cpli] *= 1/(xp[i]-xp[j]) L (xp[i]-xm[j]);
Cml[i] *= L/(xm[i]-xp[j]) Y/ (xm[i]-xm[j]);

I;
Result = 0;

For[i=1,i<=N,i++,
Result += Cp[i] xp[i]*k - Cm[i] xm[i]"k;
l;

Return[Result];
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